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Abstract 

We construct a QFT for the Thirring model for any value of the 
mass in a functional integral approach, by proving that a set of Grass- 
mann integrals converges, as the cutoffs are removed and for a proper 
choice of the bare parameters, to a set of Schwingcr functions verifying 
the Osterwalder-Schrader axioms. The corresponding Ward Identities 
have anomalies which are not linear in the coupling and which violate 
the anomaly non-renormalization property. Additional anomalies are 
present in the closed equation for the interacting propagator, obtained 
by combining a Schwinger-Dyson equation with Ward Identities. 

1 Introduction and Main result 
1.1 Historical Introduction 

Proposed by Thirring [T] half a century ago, the Thirring model is a Quan- 
tum Field Theory (QFT) of a spinor field in a two dimensional space-time, 
with a self interaction of the form (A/4) Jdx{'ipx'j'^ipx)'^- The interest of 
such a model, witnessed by the enormous number of papers devoted to it, is 
mainly due to the fact that it has a non trivial behavior, similar to the one 
of more realistic models, but at the same time it is simple enough to be in 
principle accessible to an analytic investigation. Hence the validity of sev- 
eral properties of QFT models, which in general can be verified at most by 
perturbative expansions, can be checked in principle in the Thirring model 
at a non-perturbative level. The Thirring model has been studied along the 
years following different approaches and we will recall here briefly the main 
achievements. 



Exact approach. After a certain number of "solutions" of the model fell into 
disrepute after inconsistences were encountered, Johnson [J] was able to 
derive, in the massless case, an exact expression for the two point function; 
if (r(^xV'o)) is the two-point function in the Minkowski space, he found that 
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mVxV^o)) = i(7^9^)-H|x|/xo)-^% where r/, = 2(A/47r)2[l - (A/47r)2]-i, 7^ 
are the Minkowski gamma matrices and xq is an arbitrary constant with the 
dimension of a length. This result was followed shortly [K] by the general 
n-point function at non-coinciding points. The Johnson solution, based on 
operator techniques, is essentially a self- consistency argument: a number 
of reasonable requirements on the correlations is assumed from which their 
explicit expression can be determined. The first assumpion is the validity of 
Ward- Takahashi Identities (WTi) of the form 

id^{T{j^i;^i;y)) = a[6{z - x) - 6{z - y)]i{T{^^^y)) , (1) 
id^{T{j^''i;^i;y)) = a[5{z - x) - 6{z - y)]^H{T {i^^i^^)) , 

where the current jx and pscudocurrcnt j'x'^ are operators, formally defined 
respectively as 'ip:x.^^ip:ii and V'xT^l^V'x, and the coefficients — 1 and 
— 1 are called anomalies; they would vanish in the naive WTi which 
one would expect from the classical conservation laws, see for instance [Al]. 
The second assumption was the validity of Schwinger-Dyson equations (the 
analogue of the equations of motion), and, combining them with the WTi, 
closed equations for the n-point functions were found; from them an explicit 
expression for the n-point function at distinct points was derived and, by a 
self-consistency argument, the following explicit values for the anomalies: 

a-i = l-A = i + (2) 

Air 47r 

The anomalies are then linear in the coupling, that is no higher orders con- 
tributions are present; this property is called anomaly non-renormalization 
or Adler-Bardeen theorem, and it holds, as a statement valid at all orders in 
perturbation theory and with suitable regularizations [AB] , in realistic mod- 
els like QED or the Electroweak model in d = 4 (in the last model it plays a 
crucial role in the proof of its perturbative renormalizability) . The validity 
of (2) in the Thirring model is particularly significant, as it has been con- 
sidered [GR] as a non-perturhative verification of the perturbative analysis 
of [AB] adapted to this case; however the applicability of the [AB] analysis 
to the Thirring model has been also questioned [AF]. Another remarkable 
relation found in the exact analysis in [J] is 

riz = ^{a-a), (3) 

relating the anomalous exponent of the two point fiinction with the anoma- 
lies; it is an immediate consequence of the the closed equation for the two 
point functions obtained by inserting the WTi (1) in the Schwinger-Dyson 
equation. The outcome of this exact analysis is an explicit expression for 
the n-point function at non-coinciding points and for the WTi. However, 
as stressed by Wigthmann [W], the procedure is not satisfactory from a 
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mathematical point of view, as it involves several formal manipulations of 
diverging quantities; even the meaning of the basic equation (1) is unclear 
as the averages in the l.h.s. and r.h.s. has to be (formally) divided by a 
vanishing constant to be not identically vanishing. 

Axiomatic approach. The Johnson analysis still left as an open problem 
the rigorous construction of a QFT corresponding to the massless Thirring 
model. Wigthmann [W] proposed to construct the massless Thirring model 
following an axiomatic approach; one can start directly from the explicit ex- 
pressions of the n-point functions at non-coinciding points derived in [J], [K] 
(forgetting how they were derived) and try to verify the axioms necessary for 
the reconstruction theorem. Indeed all axioms can be easily verified except 
positive definiteness, which was proved later on in [DFZ] and [CRW]; the 
idea was to define certain field operators, depending on a certain number of 
parameters, whose expectations verify the positivity property by construc- 
tion and such that their n-point functions coincide, for a suitable choice of 
the parameters, with the expression found in [J], [K]. As the axioms are 
verified by the n-point functions of [J], [K], a rigorous construction of a 
QFT corresponding to massless Thirring model is then obtained. Note how- 
ever that the fermionic mass cannot be included in this approach; moreover 
quadratic fermionic operators at coinciding points, like or ji^'^ cannot be 
considered, hence the WTi (1) cannot be rigorously derived. 

Perturbative approach. The massive case is much less understood; Coleman 
[C] considered a perturbation expansion in the mass showing that it was 
order by order coinciding with the expansion of the Sinc-Gordon model, if 
suitable identification of parameters is done; however an explicit expression 
for the n-point functions was not obtained, hence a QFT corresponding to 
the massive Thirring model has never been constructed. 

Bosonic functional integral approach. If the coupling A is positive, the par- 
tition function and the generating functional of the massless (Euclidean) 
Thirring model can be written as bosonic functional integrals [FGS] by a 
Hubbard- Stratonovich transformation; one can then integrate the fermion 
variables and it turns out that the partition function of the Thirring model 
can be written as 



where ^^,x is a two-dimensional Gaussian field with covariance (^^,x^i/,y) = 
^^jj,,u^i^ — y) and are the Euclidean gamma matrices. A similar expres- 
sion holds for the generating functional. It is well known [S] that, under 
suitably regularity conditions over A, logdet(7,i9p +7/^^^) — logdet(7jii9^) is 
quadratic in A; by replacing the determinant with a quadratic exponential, 
one then gets an explicitly solvable integral, from which the n-point functions 
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can be derived. As stressed in [FGS], in this way one gets in a very simple 
way the results of the exact approach found in [J] and [K] . In particular the 
relation (3) for the two point critical index rj^ is verified and the anomalies 
(2) can be easily computed. If a dimensional regularization is adopted, one 
finds a = 1 and — 1 = A/(27r), while with a momentum regularization 
(2) holds; in both cases the anomaly non-renormalization holds. Of course 
in the above derivation an approximation is implicit; the logarithm of the 
fermionic determinant in (4) is given by a quadratic expression only if A is 
sufficiently regular, but the integral is over all possible fields A, hence one is 
neglecting the contributions of the irregular fields and there is no guarantee 
at all that such contribution is negligible. This approximation is usually 
supported by the fact that one gets in this way the same results found in [J] 
and [K]. 

Fermionic functional integral approach. This is the approach we will follow 
in this paper. The generating functional for the Euclidean Thirring model 
is the following Grassmann integral (see below for a more precise definition) 

where A/" is a normalization constant, ^, J are external fields, Zjq is the 
wave function renormalization, V'x^^x are Grassmann variables, Pjv(d'i/') is 
the fermionic integration corresponding to a fermionic propagator with mass 
fiN and a (smooth) momentum ultraviolet cut-off 7^, with 7 > 1. Note that 
the averages of can be obtained by the derivatives with respect 

to Jfi, using the relation '0x7''7^'0x = — ie;i,i/V'x7'''0x with e^,,, = -e,,,^ and 
ei^o = 1- When J = (/) = and /jn = the r.h.s. of (5) coincides with (4) 
(if A is positive) in the limit N ^ 00. 

We will show that, by properly choosing the bare wave function renor- 
malization Zn and the bare mass hn, the Schwinger functions at non- 
coinciding points obtained from (5) converge, for N 00, to a set of 
functions verifying the Osterw alder- Schrader axioms [0S2] for an Euclidean 
QFT. These functions depend on three parameters, the physical mass, the 
physical wave function renormalization and the physical coupling, but they 
are independent on the way the ultraviolet cutoff is explicitly realized. On 
the contrary, the relation between the physical and the bare parameters 
depends on the details of the ultraviolet cutoff. 

In this way we have obtained for the first time a construction of a QFT 
for the Thirring model for any value of the (physical) mass. Moreover, even 
if in the massless case other constructions were known, we find in any case 
interesting to reach a complete construction of the Thirring model relying 
only on a functional integral approach, which could be the only possible one 
at higher dimensions or for more realistic models. 
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The analysis of the functional integral (5) is performed by a multiscale 
analysis using a (Wilsonian) Renormalization Group approach as in [G] . Af- 
ter each iteration step an effective theory with new couplings, mass, wave 
function and current renormalizations is obtained. The effective parameters 
obey to a recursive equation called Beta function, and a major technical 
problem is that this iterative procedure can be controlled only by proving 
non trivial cancellations in the Beta function. Such cancellations are estab- 
lished by suitable WTi valid at each scale and reflecting the symmetries of 
the formal action; contrary to the WTi formally valid when all cutoffs are 
removed, they have corrections due to the cutoffs introduced for performing 
the multiscale integration. The crucial role of WTi in the construction of 
the theory is a feature that the functional integral (5) shares with realistic 
models like QED or the Electroweak theory in d = 4, requiring WTi even 
to prove the perturbative renormalizability, which is absent in the models 
previously rigorously constructed by functional integral methods, like the 
massive Yukawa model [Le] or the massive Gross-Neveu model [GK, FMRS]. 
Prom the functional integral (5) we obtain, for iV — > oo and in the massless 
limit, WTi of the same form as the one postulated in [J]: 

df.ilpzl'^i^:,; V'xV'y) = a[S{z - X) - S{z - y)](V'xV'y) , (6) 

dM^l^l^ip^; V'xV'y) = a[5{2. - x) - (5(z - y)]7^(V'xV'y) , 

where (^x^y) = liniAr_>oo Q^j, ^|o (similar definitions hold for the other 
averages); however the anomaly coefflcients in (6) are given by the following 
expression 

= 1 - A + + 0(A3) , = 1 + A + + 0(A3) , (7) 

47r 47r 

where c+ is a non-vanishing constant, (its explicit value is calculated in 
Appendix B). The anomaly coefficients are not linear in the bare coupling 
{the anomaly non-renormalization is violated ), contrary to what happens 
in the values (2), found in the exact approach. Indeed the regularizations 
used in the exact solution are different with respect to the ones used in 
the functional integral approach, and it is not too surprising to get different 
properties (despite often is guessed that the same results should be obtained 
by the two approaches). In particular, the constant c_|_, not only is different 
from 0, but even depends on the way the ultraviolet cutoff is realized. The 
difference of (7) with respect to (2) also implies that the approximation in 
(4) of the determinant with a quadratic exponential does not lead to correct 
results, at least if a momentum regularization is used. 

In (5) a bare wave function for the fermionic fields has been intro- 
duced, to be fixed so that the "physical" renormalization has a fixed value at 
the "laboratory scale"; analogously we can introduce a (finite) hare charge 
also for the current, defining it as A physically meaningful choice 
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for ^ could be ^ = a^^, implying that the current has no anomalies; this 
choice fix the renormalization even of the pseudocurrent (remember that 
'tp^i^j^ip = ie^^i^-ijj^'^'ip'j^ which has then still anomalies. 

Note that (7) is not in contrast to the Adler-Bardeen [AB] analysis, 
as they consider a boson-fermion interaction with a massive boson, which 
corresponds to require a non local current-current interaction. If we replace 
in (5) the local current-current interaction with a non local short ranged one, 
still a WTi like (6) is found for iV — *^ oo, but the anomalies are linear in A 
and identical to the ones found in the exact approach, that is they are given 
by (2) instead of (7), see [M]. 

Finally we will show that a closed equation for the 2-point function is 
indeed valid starting from the functional integral (5); it is however different 
with respect to the one postulated in [J] (which was the natural one obtained 
inserting the WTi in the Schwinger-Dyson equation) for the presence of 
additional anomalies. As a consequence, we get a relation between the 
critical index of the two point function and the anomalies different with 
respect to (3), namely 

n, = ^{a-a)[l-coX + 0{X^)], (8) 
47r 

with Co > nonvanishing. This additional anomalies says that the closed 
equation for the 2-point function is not simply obtained inserting the WTi 
in the Schwinger-Dyson equation. 

In the rest of this section we will define more precisely our regular- 
ized functional integral and we state our main results. We will find more 
convenient, from the point of view of the notation, to introduce the Weyl 
spinors ijj^.u)i with lj = ±, such that = ('^x+'V'x-)' '4^ = V'W^ 
V'x = {''Pi -)'■> the 7's matrices are explicitly given by 

1.2 Thirring model with cutoff 

We introduce in A = [— L/2,L/2] x [— L/2,L/2] a lattice A^ whose sites are 
given by the space-time points x = {x,xq) = {na,noa), with L/2a integer 
and n,no = —L/2a, . . . ,L/2a — 1. We also consider the set Da of space- 
time momenta k = {k, /cq), with k = {m + and ko = (mo + 
m, mo = —L/2a, . . . , L/2a — 1. In order to introduce an ultraviolet and an 
infrared cutoff, we fix a number 7 > 1, a positive integer N and a negative 
integer h; then wc define the function C^jy(k) in the following way; let 
Xo € C°°(M+) be a non-negative, non-increasing smooth function such that 

de/Jl ifO<t<l 
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for a fixed choice of 70 : 1 < 70 < 7; then we define, for any h < j < N, 

M^f=Xo (t'M) - Xo (7-^+>|) (10) 

and C^]y(k) = J2f=h fj(^)i hence Cj^]^{\i.) acts as a smooth cutoff' for mo- 
menta jkj > 7^+-*^ (ultraviolet region) and |k| < 7^^^ (infrared region). 
It is useful for technical reasons to choose for Xo(^) a Gevrey function, for 
example one of class 2, that is a function such that, for any integer n, 

\d^Xo{t)/de\ < C"{n\f ., (11) 

where C is a symbol we shall use regularly in the following to denote a 
generic constant. With each k € T>a we associate four Grassmann variables 

i^^;^^", (7,uj = ±}, to be called field variables; we define pl'^'^lli/ {k G P„ : C,;)^{k) / o}. 
On the finite Grassmannian algebra generated from these variables we de- 
fine a linear functional dip^'^'-^^ (the Lebesgue measure), so that, given a 
monomial Q{ip) in the field variables, / d-ip^^'^'^Q{ip) = except in the case 

Q(V') is equal to Qo(V'0 = Ukevlh-'^] Uu,=± i^k'^^^ to the 

monomials obtained from Qo(V') by a permutation of the field variables; 
in these cases the value of / d'tp^^'-^^ Q{tjj) is determined by the condition 
J d'^['^'''^lQo('0) = 1 a^iid the anticommuting properties of the field variables. 

We also define a Grassmann field on the lattice by Fourier transform, 
according to the following convention: 

^g,iV].t/ J_ ^ e^-^-^e^f l'^ , X G A„ . (12) 

By the definition of Va, is antiperiodic both in time and in space 

coordinate. 

The Generating Functional of the Thirring model with cutoff' is 

W{<p, J) = log jPz^ (#) exp { - AF(v^V) + (13) 

Y^fd^ Jx,.<if i+^i^i- + E + V'gif 1 Vx, J } , 

where Jdx is a short hand notation for Z^xgA^ 5 

Pz.(d^) =W^'^i • n [L-'z%\{-\^'-^?^)cl^{^.)]-'. 

exp|-2«^ i: E (14) 

T^,.' {kp ( ^^^^^^ ^^^^^ ) ^ ; - iko + u;h , (15) 
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K=± 

and {Jx,a;}x,Lj are commuting variables, while {Vx,a;}x,cj,o- are anticommut- 
ing. {Jx,a;}x,aj and {</'x,aj}x,a),(T are the external field variables. 

Remark. It is immediate to check that (13) coincides with (5), if the 
notational conventions adopted at the end of §1.1. are used and up to the 
trivial rescaling ip — > \/Zip of the Grassmann variables. Note also that the 
continuum regularization we have introduced is very suitable to derive WTi 
and SDe ; its main disadvantage is that the positive definiteness property is 
not automatically ensured; such a property will be recovered indirectly later 
by introducing a different regularization preserving positive definiteness and 
such that, by a proper choice of the bare parameters, the Schwinger functions 
in the limit of removed cutoffs are coinciding. 

def de f 

Setting X = xi, . . . , x„, and y = yi, . . . , y^, for any given choice of the 

cLgJ" d^.J' (JigJ' 

labels a = {ai . . . , (Jm), co = {loi . . . , a;„) and £ = (si . . . , £„), the Schwinger 
functions are defined as 

(17) 

We will follow the convention that a missing label means that the corre- 
sponding limit has been performed, for instance S'^^,e = lima^o S^^'e'^™"^'^ 
In particular, in order to shorten the notation of the most used Schwinger 
functions, let: 

GW,a(x,y) 5::;^-(°:f(x,y), (18) 

Gf;/f'^-(z;x,y) ^:t;(^!^(z;x,y) . (19) 

We define the Fourier transforms so that, for example. 



(27r)2 

G5/Jz;x,y) / |^e-(^-)e-><(--)G^^Jp, k) . (21) 



The presence of the cutoffs makes the Schwinger functions S'^^'^"'^^™'"'''(y; x) 
well defined, since the generating functional is simply a polynomial in the 
external field variables, for any finite L, and the limit L — > oo gives no prob- 
lem, if h is finite. Note that the lattice is introduced just to give a meaning 
to the Grassmann integral and it can be removed safely if h, N are fixed. In 
§2 we will prove the following result. 
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Theorem 1 Given A small enough and fi > 0, there exist functions = 
Zn[X) fJ,N = M5iv(A), such that 

Zn = j-''^^{1 + 0{X^)) , /XAr = /x7-'^'"'(l + 0(A)), (22) 

with r)z = flzA^ + O(A^), rj^ = —a^X + O(A^), azia^ > 0, and the following 
is true. 

1. The limit 

lim 5^Jf(-^")(y;x) = 4rJr.Hy;x), (23) 

exist at non coinciding points. 

2. The family of functions 5'2ra,aj(x), defined as equal to S'i^e^"'' (x) > with 

Ei = +1 for i = 1, . . . ,n and Si = —1 for i = n + 1, . . . , 2n, fulfills the 
OSa. 

3. The two point Schwinger function verifies the following bound 



with rj'^ = a^X + O(A^). Moreover G^(x, y) is singular for x — > y and 



diverges as |x — y| 



4. /n t/ie massless limit — iwo f?omi Schwinger function can be written 
as 

mi/t /(A) = 0(A) and independent from k. 

Remark. It is an easy consequence of our proof that the Schwinger 
functions do not depend on the parameter 7, but are only functions functions 
of A and /x. 

1.3 WTi and chiral anomalies 

Once that the model is constructed and the OSa are verified, we can compute 
the WTi in the massless limit. We will show that 

= S^,^>[Gr'\^ - P) - G^'^k)] + A^^/'^p; k) (26) 

where A^'^i^''^(p; k) is a correction term which is formally vanishing if we 
replace C^]v(k) by 1. 

The anomaly manifests itself in the fact that A^'^.i^''* is nonvanishing in 
the limit N, —h ^ 00; we will prove in fact the following Theorem. 
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Figure 1: : Graphical representation of (26); the small circle in the last term 
represents the function in the r.h.s. of (111). 

Theorem 2 Under the same conditions of Theorem 1, in the massless limit, 
i.e. fj, = 0, it holds that for finite nonvanishing k, k — p, p 

A'j^f'\p; k) = DUp)R'^l^f''\p; k) + (27) 

+^,V^-(p)^ii:^''(p;k) + ^-,^,iv^-c.(p)G!:i'5'(p;k) , 

where all the quantities appearing in this identity admit a N, —h — ^ oo-limit, 
such that 

y- = ^ + 0{\^) , v+ = C+A2 + 0{\^) , (28) 
47r 

with c+ < 0, |G^'|^,(p; k)| satisfies the bound (104) below, and 

i?f,i,(p;k) = 0. (29) 
It is immediate to check that the above result implies the WTi (6), with 




Figure 2: : Graphical representation of (27); the filled circle in the second 
term is the operator implicitly defined in §4.1 

1.4 Closed equation and additional anomaly 

It is easy to see (see for instance [BM4]) that the Schwinger functions of 
(13) in the massless limit verify the following SDe 

or'H^^) = _ A^^-'^(k) / -^xiv(p)G^jK'^p; k) , (30) 
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where gl^'^{\s.) = ]y(k)Dt^(k) ^ and XAr(p) is a smooth function with 
support in |p| < 87'^"'"^, equal to 1 if |p| < 27'^"'"^ (we can insert it freely in 
the SDe, thanks to the support properties of the propagator). 




k,a; 




Figure 3: : Graphical representation of (30). 
Inserting the WTi (26) in SDe (30) and using (27), we get 

gW(k) = ^^-Ae''^(k)/^x.(p)G?:i'r(P;k)- 

- ^A^M^ (k)y J2^2X{V)^-J^ + (31) 

+ 9:!'\\^)Y.^A,xN I (^x(p)|^i?Ll'ir'^P;k) , 



where 



A,n,N "^-^7"^-^ , (32) 

1 _ 1 

o-h,N = = ^— , 0'h,N 



Xhip) is defined as XNiv)-, with h in place of A'', and x(p) = Xn{p) — Xh{p) 
(so that the support of x(p) is only for 27''+^ < |p| < 87^'''^). The bound 
(104) below implies that, if k is fixed to a non vanishing value, G^i'^J (p; k) 
diverges more slowly that |p|~^/^, as p ^ 0; hence the second addend in the 
r.h.s. of (31) is vanishing in the limit h = —00. 

//the last term in (31) were vanishing for —h,N 00 (as the second 
addend) , one would get a closed equation for which is identical to the one 
postulated in [J]; it is just the formal Schwinger-Dyson equation combined 
with the WTi in the limit of removed cutoffs. 

However this is not what happens; despite both WTi and Schwinger- 
Dyson equation are true in the limit, one cannot simply insert one in the 
other to obtain a closed equation. The last term is non vanishing and this 
is a additional anomaly effect which seems to he unnoticed in the literature. 

Despite the presence of the additional anomaly, a closed equation ( differ- 
ent with respect the one in [J]) holds, as shown from the following theorem. 
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Theorem 3 Under the same conditions of Theorem 1, in the massless limit 
there exist functions oie,h,N, Pe,h,N such that, for non vanishing k, 

jr(k)/(|;,x(p)^iJL';i'''(P;k)^ 

= -«e,/.,iV^V^ + {a,,h,N + Pe,h,N)G^j'''\^) + Rf^'H^) , (33) 

with 

lim ^^'^''^(k) = , (34) 

W,— /i— >oo 

and, in the limit of removed cutoff, 

a+ = ci\ + 0{X^) , p+ = C2X + 0{X^) , 

a- =03 + 0(A) , p_ = C4 + 0(A) . (35) 

The above result says that, up to a vanishing term, the last addend in the 
r.h.s. of (31) can be written in terms of g and G^, so that a closed equation 
still holds in the limit, but different with respect to the one postulated in 
[J]; in particular one gets a relation between the critical index r/^ and the 
anomalies a, a, which is different with respect to the (3), that found in [J]. 

Corollary 1 The critical index of the massless two point Schwinger func- 
tion (25) verifies 

^^-27rl-AE.^e(ae + Pe)- ^ ^ 

with Ae{ae + Pe) = Co + O(A^) with cq > 0. 

1.5 Lattice fermions and positive definiteness 

There are of course several ways to introduce a functional integral formu- 
lation of the Thirring model corresponding to different ways of regularizing 
the theory. The choice corresponding to (13) is the closest to the formal 
continuum limit (the regularized propagator is linear in k) and this is con- 
venient under many respects, for instance in the derivation of WTi and 
closed equation for the two point Schwinger function which we will discuss 
below. However such a choice has the big disadvantage that the crucial 
property of positive definiteness is quite difficult to prove; such a property is 
however automatically fulfilled with a lattice regularization. There is an ex- 
tensive literature on the lattice fermions [MM]; if one simply replaces k,kQ in 
the propagator with a^^ sin ka and sin koa the well known fermion dou- 
bling problem is encountered, namely that the massless fermion propagator 
has four poles instead of a single one. In the continuum limit a — > this 
means that there arc foTir fermion state per field component and such extra 
unwanted fermions infiuence possibly the physical behavior in a non trivial 
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way. Several solutions have been proposed; we will follow here the Wilson 
formulation of adding a term to the free action, called Wilson term, to can- 
cel the unwanted poles [MM]. Then in the Wilson lattice regularization the 
fermionic integration is given by 

where the covariance r^^^^' {k) is defined as 

(^^^d■ef 1 / e_(k) -/^-a(k) \ , . 



e+(k)e_(k)-Ai2(k) V-/^a(k) e+(k) 

with fco = (mo+l/2)27r/L, A; = (m+l/2)27r/L, n, no = --L/2a, 1, . . . , L/2a- 
1, 

X de/ .sinffcoo) sin(A;a) 

e^{K) = -I — ^ -+L0 — ^ — -, 

a a 

def 1 - cos(A;oa) 1 - cos(A;o) 

jjLaiy) = A« H 1 , (39) 

a a 

and Ma is the normalization. The generating functional is given by 



j Pz^ {dll,) CXp { - XaZlViij) + UaZaNi^j) } • (40) 
• exp [Z^^^ E / •^x,a;^i",a,V'x,a; + E / [^'Xo^V'x.a; + ■^t,oj^^,J\ } > 

where N{tp) = J2uj=± Jdx ipxcoi^x -uj- Note the presence of the term (1 — 
cos{koa))/a + (1 — cos{ka)) / a which has the effect that, in the massless case, 
only one pole is present. On the other hand it is not true, contrary to what 
happened in the previous case, that the massless case corresponds simply to 
/i = 0; the Wilson term breaks a parity symmetry leading to the generation 
though the interaction of a mass; we introduce then a counterterm fa to fix 
the mass proportional to fi. 

We call S^ii™'"^ the Schwinger functions (17) (in the limit a = and 

h = — oo) and S'^jil^'"'* the Schwinger functions corresponding to (40); in §5 
we shall prove the following theorem. 

Theorem 4 Given N > 0, leta^ = ir{4j^'^^)~^ ; ifX is small enough, there 
exist functions Zn{X), /x5iv(A) and Xar^{X), Zaf^{X), i'ajv(A), uga^W, such 
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that, if all the points z, x are different from each other, then Sa^je" (z; x) 
is well defined in the limit iV — > oo and 

lim [Sg-^") (z; X) - f (z; x)] = . (41) 

The above result says that in the Umit of removed cutoffs the two differ- 
ent regularizations of the Thirring model give the same Schwinger functions, 
if the "bare" parameters are suitably chosen. 

The proof of the above results is based on many technical arguments, 
some of which were already proved in [BM1]-[BM4]; hence, in this paper we 
shall discuss in detail only the arguments not discussed in those papers. 



2 Continuum fermions with cutoff 
2.1 Renormalization Group analysis 

The integration of the generating functional (13) is done almost exactly 
(essentially up to a trivial rescaling) as described in [BM1]-[BM4]; hence we 
briefly resume here such procedure to fix notations. It is possible to prove 
by induction that, for any j ■ h < j < N, there are a constant Ej, two 
positive functions Zj(k.), /ij(k) and two functionals V*^-^^ and B^^\ such that, 
if Zj = maxk Zj (k) , 



/ 



Zj,jlj,Ch.,j^ ^ ' ' 



(42) 



where: 



1. P~ - (dip^'^'^h IS the effective Grassmannian measure at scale j , equal 
to 



Zj,jlj,Ch,j 



(dv^i^'^1) n n 

k:C^^(k)>0'^.'^'=±l 



(43) 



• exp < 



L2 



E c.,(k)^,(k)Ev^£:^^r(^i'(k)v^Ki 



k:Crl(k)>0 



U}±1 



witJ^ '^i^l' given by (15) with flj{k) replacing fi^, Ch,j{k) ^ = Y.i=h M^) 
and A/j(k) a suitable normalization constant. 

2. The effective potential on scale j, V^^\ip), is a sum of monomial of Grass- 
mannian variables multiplied by suitable kernels, i.e. it is of the form 



00 1 



^4n 

n=l ki,...,k2„ 



2n 



i=l 



Wt]jk,,...,k2n-l)d[Y.a,kl] , 



• 2n 



u=l 



(44) 
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where ctj = + for i = 1, . . . , n, ai = — for i = n + 1, . . . , 2n and 
u = (wi, . . . ,a;2n); 

3. The effective source term at scale j, B^^\^^Z~iJj, (p, J), is a sum of mono- 
mials of Grassmannian variables and ip^, J field, with at least one (p^ 
or one J field; we shall write it in the form 

(45) 

where b!^^ (ijj) and Bj ^ {il)) denote the sums over the terms containing 
only one (p or J field, respectively. B^^\y/Zj'il) , p, J) can be written as 

sum over monomials of -0, (p, J multiplied by kernels W2n^n,f^nj,u- 

Of course (42) is true for j = N, with Zj^ik) = Zn, W^'^ = 0, and 
V^^\^),B!p^\B^f^ given implicitly by (13). The kernels in W^^\ V^^^ 
and j < N, are functions of jj^k, Z^ and the effective couplings 
Afc (to be defined later), with k > j; the iterative construction below 
will inductively implies that the dependence on these variables is well 
defined. 

We now begin to describe the iterative construction leading to (42). We 
introduce two operators Vr, r = 0, 1, acting on the kernels W^^^ in the 
following way 

H,-m=o t-'k 9Mfc(k) _ 

_ (46) 

We introduce also two operators Cr, = 0, 1, acting on the kernels in 
the following way: 



1. If n= 1, 



AH^g(k) \ E (47) 

'— 4 , , , '— TT TT 

77,J7'=±1 



where k^^. = {r]j;,ri' z) ■ 
2. If n = 2, £i W4 a; =^0 and 



AW'iiilki, k2, ka) =%if2(k++, k++, k++) . (48) 



3. Ifn>2, CoWS,J^C^S,J^O. 
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Given jC.j,Vj, j = 0,1 as above, we define the action of £. on the kernels 

^2n,U} ^ follows. 

4. If n = 1, then 

^^ii/=i^o + C,)VoW^,l^, + C^^^l^^, . (49) 

5. If n = 2, then Cwi^l=^ jCoVoW^^I- 

6. If n > 2, then jCW^l]^ = 0. 

Note that -^07^01^2^2,0) — 0' because of the parity properties (in the 
exchange k — k) of the diagonal propagators, whose number is surely odd 

(i) ' — (i) 

in each Feynmann graph contributing to W2i^^; ^^oPiW2u uj — 0, because 

there are no contributions of first order in /Xjt; Po^2 = 0' since the 

only way to get a contribution to ^2^^ is to use at least one antidiagonal 
propagator. Therefore (49) reads 

Note also that C'^V^^^ = CV'^^\ The effect of C on V^^^ is, by definition, to 
replace on the r.h.s. of (44) W2n^^^ with CW2n^,^\ we get 

where Zj, aj and Ij are real numbers and 

k:C-j(k)>0 
<^ k:C^j(k)>0 

- Jfi 2L. ^ki,+ ^k2,+ ^k3- ^k4- ^(^1 -^2 + k3-k4j . 

ki,...,k4:C^j(ki)>0 

Analogously, we write B'^^'* = £B^^^ + TZB^^\ TZ = 1 — £, according to 
the following definition. First of all, we put CWj^ = 0. Let us consider 

now B^\^/Zj'^j;). It is easy to see that the field J is equivalent, from the 
point of view of dimensional considerations, to two ip fields. Hence, the only 
terms which need to be renormalized are those of second order in tp, which 
are indeed marginal. We shall use for them the definition 

Br\4^3i^) = E ^ E ^S(p, ^JvA^^^i^^{^^^^t) ■ (53) 

u),cZ> p,k 
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We regularize B^''^\^/Z^'tp), in analogy to what we did for the effective 
potential, by decomposing it as the sum 

where C is defined through its action on Bjj]^{p, k) in the following way: 

/:5(/;i(p,k) = i<5,,^ ^ Po5(/;i(o,k,,,0; (54) 

r),77'=±l 

note that jCB^^_^ = because of the symmetry property 

gjJ\k) = -iujgjj\k*) , k={k,ko), k* = i-ko,k). (55) 

We get 

(2) 



(2) 

which defines the renormalization constant , we shall extend this defi- 
nition to j = N by putting, in agreement with (13), Zj^ = Zn- 

Finally we have to define JC for B^\^fZjil}); we want to show that, by a 
suitable choice of the localization procedure, if j < iV — 1, it can be written 
in the form 

N 



I /■ 

1.1 I. if 



uj.uj' i=j-\-l 

d 



^2 



+ 
(57) 



where 5^;^*^(k) = E^^" 5i;',i;"(k)QiV, ,^,(k), 5^*^^,, is the rcnormalized prop- 
agator of the field on scale j (sec (63) below for a precise definition) and 
Qw L'O^) is defined inductively by the relations 



-(0 



N 



N 



^S;L'(k) = Ql^+^^(k)-.,z,z).(k) E C'(k)-^,^, E 5J:ii.(k), 

1 . (58) 



The £ operation for b!^'' is defined by decomposing V*--'^ in the r.h.s. of (57) 
as /:V(^) +7^V(^■), /:V(^) being defined by (51). 
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After writing V^^) = CV^^^ + TZV^^^ and B^^^ = CB^^^ + nB^^\ the next 
step is to renormalize the free measure Pz fi - Ch ('^V'''*'"'')) by adding to it 
part of the r.h.s. of (51). We get that (42) can be written as 



i J ,^_^_^^^(dV-[M)e-v'''(V^V'[''-l)+sW)(v^V'[''-l) ^ (59) 

where, since ZjCk) = Zj = maxk^j(k) and /ij(k) = fj,j = {Zjj^i/Zj){^j^i + 
s,+i),ifC^j(k)/0, then 

Z,_i(k) = Z,[l + C7^-j(k)z,], ^^_i(k) = ^^[M, + C^-j(k)s,], (60) 

yU) = yU) {^^[h,'j\-^ _ ZjPf'^^ - SjF^'^^^ , (61) 

and the factor exp(— L^i^) in (59) takes into account the different normal- 
ization of the two measures. Moreover 

B^^\Jz'j4^^^'^ ) = Bj^\Jz'ji^^'''^^ ) + B'j\Jz'jip^'''^^ ) + W^J^ , (62) 



where is obtained from by inserting (62) in the second hne of (57) 
and by absorbing the terms proportional to Zj , Sj in the terms in the third 
line of (57). 

If j > h, the r.h.s of (59) can be written as 



where /,(k) = (k)Z,_i[Z,_i(k)]-i. 

The above integration procedure is done till the scale h* = max{/i, h*}, 
where h* is the maximal j such that 7-' < /ij. If h* < j < N, by using the 
Gevray property (11) of xo; see [DR], we get 



l5a(x,y)| < -^7^e-^V^^, 



where C and c are suitable constants; moreover, 



^h*-l 

\9S-J{^,y)\ < -^(^]j^\-^VW^\. (65) 
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Note that the propagator ^^'^'^(k) is equivalent to ^^*^(k), as concerns the 
dimensional bounds, since the sum in the r.h.s. of (58) contains at most two 
nonvanishing terms. We now rescale the field so that 



B^^\^j'il;^^'^^) = B^^^yfzJZ^^^'^^) ; (66) 



it follows that ^V^^H^''*'^') = ^-j^x'^^ where = {ZjZ-\)^lj; we shall 
extend this definition to j = N by putting, in agreement with (13), A^v = A. 
If we now define 

it is easy to see that V^^"^) and are of the same form of V'^-^-' and 

B^^ and that the procedure can be iterated. Note that the above procedure 
allows, in particular, to write \j, Zj^ fXj, for any j such that N > j > h*, in 
terms of Xj/, Zj/, fij/, j' > j. 

At the end of the iterative integration procedure, we get 

Wi<p,J) = -L''EL+ J2 ^S.,n^(<^"^)' (68) 

mv+n-^>l 

where El is the free energy and 5*2^1^ {(p.. J) are suitable functionals, which 
can be expanded, as well as El, the effective potentials and the various terms 
in the r.h.s. of (45) and (44), in terms of trees. We do not repeat here the 
analysis leading to the tree expansion, as it is essentially identical to the 
one for instance in §3 of [BMl], and we quote the results; it turns out the 
kernels can be written as in formula (102) of [BM2]: 



sS..,nA^^J) = E E E E E 

n=Ojo=h*-l ^ tGT. o „ j ^ev 

/ dx </^Xi,u;i n '^^2mV+r,^2m.V+T^2mV ,n'' ,T,w{^ ' 

where we refer to §3.4 of [BM2] for the notation. In particular. 



(69) 



'^jo,n,2mv ,nJ a family of trees (identical to the those defined in §3.2 
of [BM2], up to the (trivial) difference that the maximum scale of 
the vertices is A'" + 1 instead of +1), with root at scale jo, n normal 
endpoints (i.e. endpoints not associated to or J fields), n'^ = 2m'^ 
endpoints of type </? and n*' endpoints of type J. 
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- If is a vertex of the tree r, is a set of labels which distinguish the 

external fields of v, that is the field variables of type tp which belong 
to one of the endpoints following v and either are not yet contracted 
in the vertex v (we shall call Pi"^ the set of these variables) or are 
contracted with the ip variable of an endpoint of type (p through a 
propagator gQ(^^^-^ note that |P„| = \Pv^^\ if is the number of 

endpoints of type if following v. 

- x„, if t; is not an endpoint, is the family of all space-time points associated 

with one of the endpoints following v. 

2.2 Convergence of the RG expansion 

In order to control the RG expansion, it is sufficient to show that Xh = 
maKh<j<N\Xj\ stays small if A = Ajv is small enough. This property is 
surely true if \h — N\ is at most of order A~^, but to prove that it is true for 
any h, N is quite nontrivial. In §4.3, by using WTi and SDe, we shall prove 
the following Theorem, essentially taken from [BM4]. 

Theorem 5 There exists a constant e\, independent of N, such that, if 

(2) 

\X\ < ^1, the constants Xj, Zj, Z ■ and fij are well defined for any j < N; 

moreover there exist suitable sequences Xj, Zj, Zj ' andfij, defined for j < 

and independent of N, such that Xj = Aj_Ar, Zj = Zj^^, Z- = Z-_j^ 

and fij = fij-N- The sequence Xj converges, as j —oo, to a function 
A_oo(A) = A + O(A^); such that 

|A, -A_oo| <CAV/^. (70) 

Finally, there exist r/^ = —a^X + O(A^) and rjz = azX^ + 0{X^), with and 
ttz strictly positive, such that, for any j < 0, | log^(Zj_i/Zj)— %| < O^^^l'^ , 

I \o^,^{zf\lzf) - ry,| < CA27^/4 and \ \og^{ilj-i/rij) - < C|A|7^'/1 

(2) . 

Remark. Note that the definitions of Xj, Hj, Zj and Zj are independent 
of the /i value; however, in the theory with ji ^ Q, there appear only their 
values with j >h*. 

The above result implies that we can remove the cutoffs and take the 
limit AT, — /t — > oo, by choosing the normalization conditions 

Zo = l, Ho = n . (71) 

In fact, by using (71), it is easy to prove that, if .^at = zj^"* = \^f^i{Zj-i/Zj)]~^ 
and iiN = [niIi(/"i-iM)]~S then 

^ij = /x7-'"^^Pi,,-,iv(A), Zj = 7-''^^P2j,iv(A), Zf = C(A)7-''^^P3j,7v(A) , 

(72) 
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where 



9(2) 



C(A)= n (73) 
and Fij^N{\), i = 1,2,3, satisfy the conditions 

F,,o,7v(A) = 1, |F.,,,iv(A) - 1| < c|A|27-[^— . (74) 

Note also that the first of (72) imphes that, in the hmit N, —h — ^ oo, if [x] 
denotes the largest integer < x, 



h* 



log7 l/^l 

1 -»7m 



(75) 



Moreover, the proof of Theorem 5 implies that the critical indices rjz and ry^ 
are given by tree expansions, such that everywhere the constants Xj and Zj 
are substituted with A_oo and In particular rjz is the solution of an 

equation of the form 



Vz = az^-oo + ^-ooH{\-oo,Vz) , (76) 

which allows to explicitly calculate the perturbative expansion of rjz through 
an iteratively procedure. 



Remark. The normalization conditions (71) could also include the value of 

(2) (2) 

' for j = 0, but we have chosen to fix the value of Zj ' ioi j = N, by 
putting it equal to Z^r. A different choice would only change the value of 
(^(A) by an arbitrary finite constant. 



2.3 The Schwinger functions 

Theorem 5 allows us to control the expansion of the Schwinger functions, by 
using the following bound for the kernels appearing in the expansion (69): 

I dx|52^,,„.,,,^(x)| < l2c2™-+«^(CA,J"7-^°^-'+"^'+"') • 

•nT^w^ni- n (|^) t-^, (77) 

j=l i^/ij ' ^=1 ^hr V not e.p. 

where hi is the scale of the propagator linking the i-th. endpoint of type (p 
to the tree, hr is the scale of the r-th endpoint of type J and 

d^ = -2+\P^\/2 + ni + z{Py) , (78) 
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with 

z{Pv) 



' 3/4 if im = 4, < = 0, 1, n:^ = 0, 

3/2 if = 2, < = 0,1, n^( = 0, .79^ 

3/4 if |P^|=2, < = 0, < = 1, 

otherwise. 



The above bound has a simple dimensional interpretation; how to prove 
it rigorously has been explained in detail in the very similar model studied 
in [BMl] (see also §3 of [BM2]). We simply remark here that, had we defined 
£ = 0, we would have obtained a bound similar to (77) with z(P^) = in 
(79). The regularization procedure has the effect that the vertex dimension 
dv gets an extra 5(P^,), whose value can be understood in the following way. 
If we apply the regularizing operator 1 — £o to the kernel associated with 
the vertex v, the bound improves by a dimensional factor jK'-'^v^ jf y' jg 
the first non trivial vertex preceding v; if we apply 1 — Co — jCi, the bound 
improves by a factor Moreover, if to a kernel associated with the 

vertex v the operator 1 — is applied, the bound improves by a factor 

It"''" < \f^h* I \^^hJ^^h* It"''" < ^'''j'^'^^oi'^v-hn^-h. = (go) 

if 1 — Vo — Vi is applied, the bound improves by a factor (|m/i„|7"''")^ ^ 

By suitably modifying the analysis leading to the bound (77), we can 
derive a bound for all the Schwinger functions and get a relatively simple 
tree expansion for their removed cutoffs limit. We shall here consider in 
detail the Schwinger functions with n"^ = 0, at fixed non coinciding points; 
we shall get a bound sufficient to prove two of the OSa, the boundedness 
and the cluster property. Since relativistic invariance is obvious by construc- 
tion, to complete the proof of OSa there will remain to prove only positive 
definiteness. 

Given a set x = {xi, . . . ,x/;} of A: (an even integer) space-time points, 
such that 6 = miux^ygx |x — y| > 0, and a set w = {toi, . . . ,ujk} of co- 
indices, the /c-points Schwinger function Sk,ui{x) is defined as the fc-th or- 
der functional derivative of the generating function (69) with respect to 
^Lu^v ■ ■ ' </2,-./2 and '^x,/2+i,c.,/2+i, • • • , <^x,,a;, at J = ^ = 0, See (17) 
and item 2) in Theorem 1. By using (69), we can write 

oo 7V-1 

S,,^{^)= lun E E E E i: E Sk,o,r,^i2c) , (81) 

l''l'^^"*~7r(x,c^)n=Oio=;i*-l fa -reTj fe,o P6T' 

\PvQ\=k 

where J2n{:x.,ui) denotes the sum over the permutations of the x and lu labels 
associated with the k/2 endpoints of type (p'^, as well as those associated 
with the k/2 endpoints of type f^. 
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We need some extra definitions. Given a tree r contributing to the 
r.h.s. of (81), wc call r* the tree which is obtained from r by erasing all 
the vertices which are not needed to connect the k special endpoints (all 
of type (f). The endpoints of r* are the k special endpoints of r, which 
we denote vf, i = l,...,k; with each of them a space-time point Xj is 
associated. Given a vertex t; G r*, we shall call x* the subset of x made of 
all points associated with the endpoints following v in t*; we shall use also 
the definition D„ = maxx,yex; |x— y|. Moreover, we shall call s* the number 
of branches following v in t*, s*'^ the number of branches containing only 
one endpoint and s*'^ = s* — s*'^. Note that x* C Xy and s* < s^. 

The bound of 5'yt^o,r,a;(2£) can be obtained by slightly modifying the pro- 
cedure described in detail in §3 of [BMl], which allowed us to prove the 
integral estimate (77) , in order to take into account the fact that the points 
in X are not integrated. First of all, we note that it is possible to extract 
a factor V"/'^"^^ for each non trivial (that is with s* > 2, n.t. in the 

following) vertex v & T*,hy partially using the decaying factors e~'^^/'''^l^~yl 
appearing in the bounds (64), which are used for the propagators of the 
spanning tree = [jyT^ of r (see (3.81) of [BMl]); we can indeed use the 
bound 

e-cVy^<e-fv9^.e-^'S'=-ocV^ , c' = (82) 

and the remark that, given a n.t. v G t* , there is a subtree T* of T^-, 
connecting the points in x* (together with a subset of the internal points in 
x^), made of propagators of scale j > hy. It follows that, given two points 
X, y G X*, such that = |x — y | , there is a path connecting x and y, made 
of propagators in T* , whose length is at least D^; the decomposition of the 
decaying factors in the r.h.s. of (82) allows us to extract, for each of these 
propagators, a factor e~'^'VT^^Hx| g^j^^j ^j^g product of these factors can be 
bounded by g-'^'V^^. 

Note that, after this operation, there will remain a factor e^^'^/^^V^^^^^^"^ 
for each propagator of Tt, to be used for the integration over the internal 
vertices. Moreover, there will be 1 + J2veT*iK — 1) = integrations less 
to do; by suitably choosing them, the lacking integrations produce in the 
bound an extra factor IIijgt* ■~f'^^'"^^'^~^^ so that we get 



\Sk,o,r,d^)\<C'iCXjXl 



n-,-io(-2+fe/2) 



.n.t.v&T* 



n I-"-. (83) 



=1 \ iHi V not e.p. ^ ' 



Let Ei be the family of trivial vertices belonging to the branch of r* 
which connects with the higher non trivial vertex of r* preceding it; 
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the definition of s*'^ and the fact that, by assumption, l/^ft. < 7'**^, with 
ri < cXj^, imply that, ii E = DiEi, 



n u/2 ^ n 7" 



(84) 



n.t.vdT* 



Let the first vertex following vq (the vertex immediately following the 
root of r, of scale jo + l) with s* > 2; then we have, if denotes the number 
of elements in x* (hence ky = k, if vq < v < Vq), 



-io(-2+fc/2^ 77 

vo<v<v^ 

where we used the definition, 



/i„.(-2+fc„*/2) Yj 

VO<V<Vq 



dy = dy — (—2 + 



ky 



\P \ — h 

\-l y\ njy 



(85) 



note that dy > 1/2, for any v G r*. 

By inserting (84) and (85) in the r.h.s. of (83), we get 



n e 

.n.t.vET* 



n r'^ 



v not e.p 



n 

IveE 



7 



-dv-l+r)/2 



n 



7 



V not e.p. ^ 'i'u -L 
■Fr, 



\Pv\/2 



yo<v<v;^ 



(87) 



where 



n.t.vET* 



n 7 



v4E 



(88) 



Given a n.t. vertex G r*, let s = s*, si = s*'^, s = s — si and vi, . . . ,Vs 
the n.t. vertices immediately following in r*. Note that ky = si+J2i=i ky^', 
hence, given e > 0, we can write 

-(-2 + e + ky/2) + [2{s -!)-(!- ri/2)si] = 

= 2 - e - ky/2 + £{s - 1) + (2 - e)(si + s - 1) - (1 - r]/2)si = 

= -\ {^^ + ilkv)j +e{s-l) + {2-e)s + si{2-e-l + r]/2) = 

s 

= e{s - 1) + si(l/2 - £ + r//2) - ^(-2 + e + kyj2) . (89) 
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This identity, applied to the vertex v^, imphes that, if ui, . . . , vg, s = s** — 



s^l , are the n.t. vertices immediately following Vq in r*, then 

-h,* (-2+fe„*/2) K* [2(3;. -i)-(i-^/2)s;;^] 

Ujj V D(j / / "0 = 



7 

s 

eh.,* cx »li t T-r 
= -y ''O'y "^0 ''0 I I 

i=l 



7 



-/i„.(-2+£+fe^./2) . 



-2+£+fe^/2 



(90) 



where Cj is the path connecting Vq with i;^ in r* (not including f j) and we 
used the definition 



= e{sl - 1) + s*/{l/2 -e + ??/2) . 



(91) 



The presence of the factor ^~'*fi(^2+e+fct,./2) each vertex vi in the r.h.s. of 
(90) implies that an identity similar to (90) can be used for each n.t. vertex 
u G r*. It is then easy to show that 



r-i ^^v* 



n 7 



n 7 

_veT*,v^E 



(92) 



By inserting this equation in (87), we get 

\Sk,0,r,d^)\ < C^CXjXj'^^o 

n ( 



n 7 

.n.t.vET* 



avhvp-c's/'y'^-" Dy 



V not e.p. 



-)|PJ/2„.-d„ 



(93) 



where 



dv = < 



dy - s if V e T*, Vq < V ^ E 

4 + 1-77/2 ifuG^; 
I. d,, otherwise 



(94) 



Note that d^, > for any v G t, if e < 1/2; moreover, if this condition is 
satisfied, Ot, > e > 0, for any n.t. vertex v £ t* , uniformly in Ajp. Moreover, 
since by hypothesis Dy > 5 > 0, there is cq such that 



Note that 



a;>0 \0 J 



ay = ^k{l + 7])-e<^k{l + r]) . 

n.t.vET* 



(95) 
(96) 
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Hence, by using (93) and (96), we get 

\Sk,o,rd^)\ < C'=(A:!)i+''(CA^J"(^"'*'^^+''^^^~^'"^% 



/ 7, \ l^"l/2 

n 7-'^^ 

V not e.p. ^ hv I / 



(97) 



where Dx denotes the diameter of the set x- 

Let us now observe that, since the vertex dimensions are all strictly 
positive, if we insert the bound (97) in the r.h.s of (81), we can easily perform 
all the sums (by using the arguments explained, for instance, in [BMl]), once 
we have fixed the scale of the vertex Vn and the values of s** and s*'* (so 
that the value of a^* is fixed) and we can take the limit —h,N oo. By 
using Theorem 5 and the remark that the bound (97) implies that the trees 
giving the main contribution to 5^,0) (x) are those with 7 "0 of order 1, it 
is easy to prove that the limit can be expressed as an expansion similar to 
(81), with the sum over j'o going from —00 to +00, the sum over r including 
trees with endpoints of arbitrary scale (satisfying the usual constraints) and 
the values of Skfi,T,ui{2i) modified in the following way: 

1) in every endpoint there is the same constant A_oo in place of A^j^ ; 

2) the constants Zj, and iJ,j are substituted everywhere by and 

^nf-^i^j^ respectively, see (72); 

3) in the expansion which defines the constants zj and Sj needed, respec- 

tively, in the definition of Zj_i(k) and ^j_i(k), see (60), one has to 
make the same substitutions of items 1) and 2). 

The bound (97) also implies the following one (valid for CelA] < 1, with 
Ce — 00 as e — > 1/2): 

|5fe,a,(x)| < C'=(C,|A|)'=/2-l(fc!)2+'?5-[fc(l+'?)/2-.] ^ ^^(-l)+-l(l-2.+>7)/2 

s=2si=0 



. ^[es+si{l-2e+v)/2]h^-c'^-f'^D^ < 

ft.=— 00 

k 

< C7^(Ce|A|)'=/2-l(/c!)3+2'7r'=(l+'')/2 ^ ^ ( ) . (98) 



k s / ^ \ £S+si(l-2£+»j)/2 



s=2 si=0 



Since 5/Dx < 1, the sum over s and si is bounded by Ck'^{d/D^)'^^; hence 
we get the bound 

|^it,a,(x)| < C\C,\X\)''/^-\k\f+^^d-^''^'+^y^-'''^ , (99) 
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which proves both the boundedness and the cluster property, see Appendix 
A. 

In conclusion, we have proved the following result. 

Theorem 6 If ei is defined as in Theorem 5, there exists £2 ^ £1 such 
thatjif the normalization conditions (71) are satisfied and |A| < £2, then the 
Schwinger functions Sk^^{x) are well defined at non coinciding points and 
verify all the OS axioms, possibly except the axiom of positive definiteness. 

The positivity property will be proved in §4, together with the claim 
in item 4) of Theorem 1. Moreover, it is easy to derive from the previous 
bounds (see for instance [BM4] for the case /i = 0) the bound for the two 
point Schwinger functions (24). Finally, the previous arguments can be 
extended to prove that also the Schwinger functions with nj > are well 
defined in the limit of removed cutoffs, so completing the proof of Theorem 
1, except for eq. (25), which will be proved in §2.5 below. 

2.4 Bounds for the Fourier transform of the Schwinger func- 
tions 

The main bound (77) can be also used to get bounds on the Fourier trans- 
form of the Schwinger functions at non zero external momenta; these bounds 
are uniform in the cutoffs and allow, in particular, to prove (by some obvious 
technicality, that we shall ship) that the removed cutoffs limit is well defined. 
Here we shall only consider, as an example, the function G^'|^f^''*(p; k) in 
the massless case. 

By using (69), we can write 

00 N-l 

Gii;^'(p;k) = E E E E Gi'\p,k), (loo) 

n=0jo=fe-iTer,o,„,2.i J^f^ 

with an obvious definition of ^^'^(p,]^). Let us define, for any k 7^ 0, 
/ik = min{j : /j(k) 7^ 0} and suppose that p, k, p — k are all different from 
0. It follows that, given r, if h- and /i+ are the scale indices of the ■0 fields 
belonging to the endpoints associated with and (^~, while hj denotes 
the scale of the endpoint of type J, G'^^^(p,k) can be different from only 
if /i_ = /ik, /ik + 1> = ^k-p, ^k-p + 1 and hj > hp — log^ 2. Moreover, 
if '?^Q,n,p,k denotes the set of trees satisfying the previous conditions and 
T G TjQ^n,p,]i, |G'^'^(p,k)| can be bounded by / dzc?x|G^'^(z;x, y)|. Hence, 
by using (77) and (72), we get 

|G^'y'''(p;k)| <C7-'^''(i-''^/2)7-'^k-p(i-^./2) . 
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oo 7V-1 

•EE E E (ciMT n 7-'" ■ (101) 

n=0 jo=h-lT€Tj n^p^i^ Pep v not e.p. 

The bound of the r.h.s. of (101) could be easily performed by using 
the procedure described in §3 of [BMl], if dy were greater than for any v; 
however, by looking at (78), one sees that this is not true. Given r G '?^o,«,p,k) 
let Vq the higher vertex preceding all three special endpoints and f J > Vq 
the higher vertex preceding either the two endpoints of type f (to be called 
Vip^+ and Vip-) or one endpoint of type cp and the endpoint of type J (to be 
called vj). It turns out that dy > 0, except for the vertices belonging to the 
path C* connecting with Vq, where, if |Pt,| =4 and = or = 2 
and n:^ = 1, dy = 0. Hence, we can perform as in §3 of [BMl] the sums 
over the scale and Py labels of r, only if we fix the scale indices hg and hi 
of Vq and vl, after multiplying by the r.h.s. of (101), S being any 

positive number. Of course, we have also to perform the sum over h^, of 
which is divergent, if we proceed exactly in this way. 

In order to solve this problem, we note that, if f ^ C*, dy — 1/A > 0. 
Hence, before performing the sums over the scale and Py labels, we can 
extract from each 7"^^^ factor associated with the vertices belonging to the 
paths connecting the three special endpoints with Vq 01 vl, a 7"^/*^ piece, 
to be used to perform safely the sums over /iq, hi in the following way. 

Let us consider first the family Tj^\ p k trees such that the two special 
endpoints following vl arc v^^-^. and Vip^- and let us suppose that |k| > |k— p|. 
In this case, before doing the sums over the the scale and Py labels, we fix 
also the scale hj of vj. We get, if hj = max{/ip + 2, /iq + 1}: 

00 N-l 

E E E E ic\x\r n ^''^ ^ (102) 

n=0 jo=h-l ^q-m Pep v not e.p. 

^k— p ^1 +CXD 

<C ^ E E 7''^''i"''o^7"2[('*''"'*i)+('*''-p"''i)+(''''"''o)l , 

h*=—oo h*^=—oo h ]=h*j 

and it is easy to prove that the r.h.s. of (102) is bounded by C'y^^'^^~^p\ if 
5 < 1/8. If |k — p| > |k|, we get a similar result, with /ik-p in place of /ik- 
Let us consider now the family T^^'^p k trees such that the two special 
endpoints following vl are vj and v^^+. We get, if hj = max{^p + 2,hl + 1} 
and ho = min{/ik-p, /ii}: 

00 Af-l 

E E E E (^1^1)" n ^ (103) 

n=0 io=/i-l^c-r(i'+) v not e.p. 

fik ho +00 

<C E E 7''(''i"''S)7-iK'*k-ftt)+(/»k-p-/»S)+(/ij-ftt)] ^ 

/i^=— 00 /i2=— 00 hj=hj 
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and it is easy to prove that, ii 5 < 1/8, the r.h.s. of (103) is bounded by 

(7^<5(^k-/ik-p)^ if |k| > ]k — p|, by a constant, otherwise. The family '^jf'np k 
of trees such that the two special cndpoints following are vj and v^p- 
can be treated in a similar way and one obtains a bound Cj^'^'^^-p~'^^\ if 
|k — p| > |k|, or a constant, otherwise. 

By putting together all these bounds, we get, for any positive S < 1/8: 

l«''"'''(p;k)l < „_„-„. ,? ■ (104) 



IpI 



5 



P 



+ 



with Cs oo as 6 



0. 



2.5 Calculation of G^(k) in the massless case 

We want now to discuss the structure of the limit —h,N 
acting propagator G^'^''*(k) for /x = 0. 
By using (69), we can write 



oo 7V-1 



Gr''(k) 



E E E E 



Gl(-k) 



oo of the inter- 



(105) 



with an obvious definition of G^(k). 

Let us define /ik as in §2.4 and suppose that k 7^ 0. It follows that, 
given r, if h- and h+ are the scale indices of the ip fields belonging to 

the endpoints associated with (p~^ and 99", G'^(k) can be different from 
only if h± = /ik; ^k + 1- Moreover, if '?^„,n,k denotes the set of trees satis- 
fying the previous conditions and r G '?^o,n,k) |Gr(k)| can be bounded by 
/ dx|G^(x, y)|. Hence, by using (77) and (72), we get 



G2'^''^(k)|<C7- 



-('ik-io)Z. 



N-l 



E E E E (c\Mr n 



-dv 



(106) 



n=Ojo=h-l T£Tj 



V not e.p. 



where dy > 0, except for the vertices belonging to the path connecting the 
root with V*, the higher vertex preceding both the two special endpoints, 
where dy can be equal to 0. These vertices can be regularized by using the 
factor 7~('*k~.?o) jj^ f^i^Q r.h.s. of (106); hence, by proceeding as in §2.4, we 
can easily perform the sum over the trees with a fixed value of the scale 
label h* of v* and we get the bound 



GW(k)|<c 



7 



^1^^ h 



E 



^-(hk-h*)/2 < (J 



7 



-hk 



'hk 



(107) 
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By using Theorem 5, it is not hard to argue, as in §2.3, that the removed 
cutoffs hmit is well defined and is given by an expansion similar to 

(105), with the sum over Jq going from — oo to +oo and the quantity G^(k) 
modified by substituting, in every endpoint, Xj with A_oo, and, in every 
propagator, Zj with 'y~'^^ , r] = ijz] this property easily implies that G^(7k) = 
^^~^G'^(k). On the other hand, the symmetries of the model imply that 
there is a function g{x,X), defined for x > and A small enough, such 
that G^(k) = D~^(k)g{\k\, X); by the previous scaling property, 5(70;, A) = 
'y^g{x,\). We want to show that g{x,\) = x'^f{\), with /(A) independent 
of X. 

To prove this claim, first of all note that G^'''^''*(k) is independent of 7, 
since the cutoff function Cj^]^{'k) only depends on 70 and 7 > 70, see §1.2. 

This property is then valid also for G^(k), hence for g{x, A). However, since 
the expansion heavily depends on 7, the value of 77 is apparently a function 

of 7; we want to show that this is not true. 

Note that, for any 7 and any integer j, 5(7-' , A) = j^'^^"'^ g{l, A); it follows 
that, if there exist, given 71 and 72, two integers ji,j2, such that 7^^ = -)^^, 
then r/(7i) = rj{^2)- Hence, given an interval / = [70,7] and 7 € /, the set 
{7' G / : rj{^') = 7/(7)} is dense in /, as the set of rational numbers is dense 
in the interval [log^ 70, log^ 7]. Since 77(7) is obviously continuous in 7, it 
follows that it is constant. 

Let us now put g{x, A) = x^f{x, A); we see immediately that /(7X, A) = 
/(x,A). Hence, by varying 7 in the interval [2,4] and by choosing x = I/7, 
we see that /(I, A) = /(x,A), if a; G [1/4,1/2]. By using this equation, 
by varying x in the interval [1/4, 1/2] and by choosing 7 = 2, we get also 
/(I, A) = f{x,X), if X e [1/2,1]. By proceeding in this way, it is easy to 
show that /(I, A) = f{x, A), for any x > 0. 

The previous discussion and the fact that, in the expansion (106), dy > 
1/4 for any v > v* , imply also that 

^''"^''^^^ = ^k)^^^^^ + 0(|k|7-^)'/'] ■ (108) 

3 Ward— Takahashi Identities 

3.1 Proof of Theorem 2 

In order to derive WTi in the massless case /j, = from the generating 
functional (13) (in the continuum limit a = 0), it is convenient to introduce 
a cutoff function [C^^(k)]~^ equivalent to [Ch^N{'k.)]~^ as far as the scal- 
ing features are concerned, but such that the support of [C^^(k)]~^ is the 
whole set Vq and lime^o[Cliv(k)]~^ = [Cft,jv(k)]-i; we refer to [BM2] §2.2 
for its exact definition. We then substitute [Ch,NO^)]~^ with [C^^(k)]~^ in 
the r.h.s. of (13) and perform the gauge transformation ip^^^ e^"'''"V'x,a) 
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(equivalent to the usual phase and chiral transformations). The change in 
the cutoff function has the effect that the Lcbesffue measure IS invari- 

ant under this transformation and we get the WTi (26), where, if < . >h,N 
denotes the expectation with respect to measure J\f~^Pzff{dtl;)e~'^'^^N^^'^^ 
(see (14)-(16) for the definitions), A^']^f^''^(p, k) is the Fourier transform of 



Aji;f '^x; y, z) =^ {i^-^r,i^:,^r,ST^,^),^^ , 



.def 



(109) 



where )hn denotes the truncated expectation with respect to the 

measure (14), 



(110) 



k+,k- 



and 



Q,^.Jk+,k-) = [C^,^(k-) - l]2?.(k-) - [C^,^(k+) - l]D.(k+) . (Ill) 

Let us now suppose that p is fixed independently of h and iV, as well as k, 
and that p, k and k — p are all different from 0. This implies, in particular, 
that the condition x(p) = 1 is satisfied if \h\ and N are large enough and 
x(p) is the function appearing in (31). Hence we can prove Theorem 2 
by substituting in (27) ^f,'_|;i^'''(p, k) with x(p)-Rf,;i;i^'''(p, k), which is the 
Fourier transform of 



d 



^2 



Wa|j=^=o , 



(112) 



where 



J dp[^'^](V') exp I - XnV (y^v) + 



(113) 



with 



V'k,wV'k-p,W — 7-2 E "^PyOjSPp,!^ ) 
p^O 



k,p 



DM 



(114) 
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The coefficients z^±,Af will be fixed by the requirement that (29) holds. A 
crucial role in the analysis is played by the function 

A(-)(kM.-) = ^^^^^dS'Hi^^wS^Hi^-') , (115) 

where gjj^ = gS'lui- By proceeding as in §(4.2.) of [BM2] (where only the 
case = is considered), one can show that, if p = k"^ — k~ 7^ and 
|p| > 27^^+^ (which is true since x(p) = 1): 

1. if /i < i,j < N, since [C^,jv(k^)]~^ = 

A(j'^)(k+,k-) = 0; (116) 

2. iih<j< N, 

A(f'^)(k+,k-) = -^sW(k+,k-) ; (117) 

where sif'^(k+, k") =^(6'J^J,(k+, k"), 5'f/^i(k+, k")) is a vector of smooth 
functions such that 

-N{l+m+) -j{l+m-) 
l^/C- 4'l(k+,k-)| < Cm^+mJ ; (118) 

3. iih<i<N, 

|A(j'^)(k+,k-)| < Cj-^^-f^^g^ ■ (119) 

4. ii i = j = h, 

A£'*''^)(k+,k-) = . (120) 

Note that, in the r.h.s. of (119), there is apparently a Zn/Z^^i factor 
missing, but the bound can not be improved; this is a consequence of the 
fact that Zh_i{k) = for |k| < 7^-^ see eq. (63) of [BM2]. 

The multiscale integration of Wa has been described in detail in §4 of 
[BM2] (of course the scale has to be replaced with the scale N) . After the 
integration of ■i/^^^^ we get an expression like (42) and the terms linear in J 
and quadratic in if) in the exponent will be denoted by K^j^ ^\\/ ■^iV-iV''^'^^"^' )) 
we write Kj = Kj + Kj , where K j was obtamcd by 

the integration of Tq and K^j'^ from the integration of T±. We can write 
4"'^-^) as 

Kf''-''^ {^/Z^i^) =Y.^N j dxJ,,^ |fo,^( J, V) + (121) 
+ E/ cZydz[4^7-^)(x,y,z)+F(^-^)(x,y,z)<5^,^] [V+^V^jj 
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where -^1 analogous of eq. (132) of [BM2]; they rep- 

resent the terms in which both or only one of the fields in Spp^j^, respectively, 
arc contracted. Both contributions to the r.h.s. of (121) are dimensionally 
marginal; however, the regularization of is trivial, as it is of the form 

-^)(k+,k-) = [Cfe,iv(k-) - l]DU^-)ZN9L''\k+) - UN{k+) ^(.^^^^^^ 
''^ Z)£^(k+ — k ) 

(122) 

or the similar one, obtained exchanging k+ with k ; 'Uiv(k) = if |k| < 7^ 

and ttAr(k) = 1 — JnO^) for |k| > 7^. By the oddness of the propagator 

(2) 

in the momentum, Guj (0) = 0, hence we can regularize such term without 
introducing any local term, by simply rewriting it as 



<-^)(k+,k-) = [G(^)(k+)-G(^)(0)] . 

[ChM^-) - l]DUk-)ZNgl''\k+) - Ujv(k+) 
£»,(k+-k-) 

By using the symmetry property (55), i^^^ii^^ ^e written as 



(123) 



4^^'^(k+,k-) = -1- [poAo,c.,a)(k+,k-) +piAi,^,^(k+,k-)] , (124) 
where ylj^^,^;;, (k+ , k^ ) are functions such that, if we define 

-Ci^S?^ = ^oAo,u,,u.M +PlA^,^MO,0)] , (125) 

then 

where Zj^Zi and Zj^_^ are suitable real constants. Hence the local part of 
the marginal term in the second line of (121) is, by definition, equal to 

^[Z^rZ^^ir+,,(J, V"*'"^-'!) + ^iv^^:iT_,,(J, V'l'^'^-^l)] . (127) 

The terms linear in J and quadratic in ip obtained by the integration of T± 
have the form 



k+,p 

(128) 



-.,,.G22(k^ k- - p) - ..^r.^G%i^.\ k- - p) 



By using the symmetry property of the propagators, it is easy to show that 
G'i%(0>0) = 0- Hence, if we regularize (128) by subtracting g''^^(0,0) to 
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J(k+, k"*" — p), we still get a local term of the form (127). Finally by 
collecting all the local term linear in J we can write 

CK^-\./Z^,4^^^-'^) = Y: [ZnTo,. (j, V'l'^'^-^l) - (129) 

where Ziv-2i^±,Ar-i = ^Ar-i[i^±,iV - Z^ti + '^±,NG'fJ^^^{Q,0)] (our defi- 
nitions imply that ^at-i = Z^). The above integration procedure can be 
iterated with no important differences up to scale h+1. In particular, for all 
the marginal terms such that one of the fields in Tq in (121) is contracted 
at scale j, we put 7^ = 1; in fact the second field has to be contracted at 
scale h and, by (119), the extra factor has the effect of automatically 
regularizing such contributions. 

The above analysis implies that j^+j- gets no contributions from trees 
with an endpoint of type v-^k, k > j, and viceversa; moreover, if a tree 
has an endpoint corresponding to Tq^^, this endpoint has scale index N + 1. 
Hence we can write, for /i + 1 < j < iV — 1, 

J^±,j-i = ^±,j + /3±,i/(Aj, Vj-, \n, m) , (130) 

with 

AT 

PiA^^j^ ^r-^ = P±,A^j, ■; \n) + XI ^±,j'/3±fi/(Aj, .., A;v) (131) 

j'=j 

and, given a positive i? < 1/4, 

(132) 

We fix i'±^N so that 

N 

u±^N = - /5±,i/(^j'^<7--''^JV,^'iv) ■ (133) 

j=h+l 

By a fixed point argument (sec §4.6 of [BM4]), one can show that, if A/j is 
small enough, it is possible to choose i'±^n so that 

Wu,,j\<coXhl-''^''-^K (134) 

for any h + 1 < j < N. 

The convergence of i'±^n as \h\,N — >^ oo is an easy consequence of the 
previous considerations. Moreover, from an explicit computation of (130), 
we get iy_ = A + 0(^2) and = c+A^ + 0{X^) with c+ < 0. 
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Figure 4: : Graphical representation of the lowest order contribution to v 
and to the small circle represent the operator C (111) 

The convergence of G^'^i^''^(p; k) was discussed in §2.4. Hence, to com- 
plete the proof of Theorem 2, we have to prove that x{p)R^^^^'^{p, k) ^ 
, if p, k and k — p are all different from 0. In fact, since x(p) = 1 for p 7^ 
and \h\,N large enough, this implies (29). 

This result can be obtained by a simple extension of the argTimcnts given 
in §2.4 to prove that G^'^i^'''(p; k) is bounded uniformly in h and N. In 

fact, x(p)-Rf,'lj'^''*(P) k) can be written by a sum of trees essentially identical 
to the ones for G"^]^^'^, with the only important difference that there are 
three different special endpoints associated to the field J, corresponding to 
the three different terms in (129); we call these endpoints of type Tq, r+, r_ 
respectively. 

The sum over the trees such that the cndpoint is of type T± can be 
bounded as in (101), the only difference being that, thanks to the bound 
(134), one has to multiply the r.h.s. by a factor |A|7~'^^-^~'*-^), which has to 
be inserted also in the r.h.s. of the bounds (102) and (103). Hence, it is 
easy to see that the contributions of these trees vanishes as N ^ 00. 

Let us now consider the trees with an endpoint of type Tq. In this case 
there are two possibilities. The first is that the fields of the Tq endpoint are 
contracted at scale j, N; this implies that the sum over hj is missing in the 
r.h.s. of the bounds (102) and (103) and hj = N. Hence it is easy to see 
that the sum over such trees goes to as A'' —> 00. The second possibility 
is that the fields of the Tq endpoint are contracted at scale j, h; this implies 
that the sum over j'q is missing in the r.h.s. of (101) and jq = h. Since 
(it, — 1/4 > for all vertices belonging to the path connecting the root to 
the vertex Vq, we can add a factor ^"Oo-'i))/^ ^j^g r.h.s. of the bounds 
(102) and (103), which then go to as /t — — 00. 

4 Schwinger-Dyson equations and new anomalies 

4.1 Proof of Theorem 3 

In this section we study the last addend of the Schwinger-Dyson equation 
(31), so proving Theorem 3; the analysis rests heavily on §4 of [BM4]. 

Let us consider a fixed finite k and let us define its scale as in §2.4; 
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then, if —h and are large enough, glJ'^Ck) = 5t^(k). We start by putting 
(see §4.1 of [BM4]): 

(135) 

where e = zt and Wr,£ is defined (in the infinite volume limit) by the 
equation: 

+^£^'^l+<^x,a;] + Zn [t^^ - y+,NT-e - ^-,JvT,] (V', J) | , (136) 

with 



r_(V',J) = y -(^x(p)'/k,c.gc.(k) ^^^^p^ V^i^_p^^V^i^,^^Vk'-p,u> ^ 

and i'±^N are defined as in (133). 

The calculation of (j^'^'''(k) is done again via a multiscale expansion, 
very similar to the one described in §4 of [BM4]. The main differences are 
that here we are considering a quantity with two external lines, instead 
of four, and that the external momenta are on the scale h\^, instead of the 
infrared cutoff scale h. However, the last remark implies that the integration 
of the fields of scale j > + 1 differs from that discussed in [BM4] only 
for trivial scaling factors; in particular, there is no contribution to G'^-^'^(k) 
associated with a tree, whose root has scale higher than /i^- 

Let us call yiN-i) ^^[h,N-i]^ ^j^^ 

sum over the terms linear in J, obtained 
after the integration of the field we put: 

V(j-i)(y,^iv-i]) +-pg-i)(^[fc,iv-i]) ^ (138) 

where + is the sum of the terms in which the field V'k_p ^ 

appearing in the definition of Ti^\tjj) or T-j- (■(/;) is contracted, ^'^ and 

'^a2 denoting the sum over the terms of this type containing a Ti or a 
T± vertex, respectively; + ^'^ is the sum of the other terms, that 
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is those where the field V'k_p is an external field, the index i = 1,2 having 

the same meaning as before. 

Let us consider first wc shall still distinguish different group 

of terms, those where both fields ip^, and V'k'-peu; contracted, those 
where only one among them is contracted and those where no one is con- 
tracted. If no one of the fields "0^, and V'k'-p eu contracted, wc can only 

have terms with at least four external lines; for the properties of A^^J^ (see 
(115)), at least one of the fields -ip^, and ^'■^'-■pew ™ust be contracted at 
scale h. If one of these terms has four external lines, hence it is marginal, it 
has the following form 

^~/|^'?i-pGf'(k-P»r(k-p)- 
■^k,„9»(k)x(p)^^=;^^J|^=^^:j,„*._p,,„ , (139) 

where G2^''(k) is a suitable function which can be expressed as a sum of 
graphs with an odd number of propagators, hence it vanishes at k = 0. This 
implies that G2^\q) = 0, so that we can regularize it without introducing 
any running coupling. 




Figure 5: : Graphical representation of (139) 

If both V'k'gj^ and V'k'.p^t^ in T^^\ip) are contracted, we get terms of 
the form (up to an integral over the external momenta) 

n 

Ji,,^gMwi'l;'\kM,-.,K)iVz^r-'U'Pt] , (140) 

i=l 

where n is an odd integer. We want to define an TZ operation for such 
terms. There is apparently a problem, as the TZ operation involves deriva- 
tives and any term contributing to W^+i contains the A^^''^'' and the 
cutoff function x(p)- Hence one can worry about the derivatives of the fac- 
tor x(p)pD_t^(p)^^. However, as k is fixed independently from A'' (and far 
enough from 7^) and k — p is fixed at scale N, then |p| > j^~^/2, so that 
we can freely multiply by a smooth cutoff function x(p) restricting p to the 
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allowed region; this allows us to pass to coordinate space and shows that 
the TZ operation can be defined in the usual way. We define 

-')(k,ki,k2,k3) = W-f-') (0,..,0) , (141) 

CW^^''^\k) = W^^''^\0) + kdkWi^~^\0) . (142) 

Note that by parity the first term in (142) is vanishing; this means that 
there are only marginal terms. 




Figure 6: : Graphical representation of and W2 

If only one among the fields V'k' and ipi^i_p^^ in Ti{'ip) is contracted, 
we get terms with four external lines of the form (up to an integral over the 
external momenta): 

^iv5^(k) Jk,c.^i[,,^,V^k-,£^^k-+k-ki,c.2 / o!k+x(k+ - k") • 



■gS^\k - k+ + k-)Gr^ (k+, ki, k + k_ - ki) • 
r [ChM^-] - l]Z),^(k-)5i^'»(k+) UN{k+) 



D_^ik+-k-) D_,(k+-k- 



(143) 



or the similar one with the roles of k"'' and k exchanged. Note that the 
indices ui and 0^2 must satisfy the constraint LJ1UJ2 = £• 




k ,soj 

Figure 7: : Graphical representation of a single addend in (143) 



The two terms in (143) must be treated differently, as concerns the reg- 
ularization procedure. The first term is such that one of the external lines is 
associated with the operator [Ch,N{k~) — l]-D£a,(k~)D_a,(p)~^. We define 
TZ= 1 for such terms; in fact, when such external line is contracted (and this 
can happen only at scale h), the factor Di;^(\i.^)D^^[p)^^ produces an extra 
factor in the bound, with respect to the dimensional one. The second 
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term in (143) can be regularized as above, by subtracting the value of the 
kernel computed at zero external momenta, i.e. for = k = ki = 0. Note 
that such quantity vanishes, if the four a;-indices are all equal, otherwise it 
is given by the product of the field variables times 

-Zn9U^)A,.I dk+x(k+)g^'^(k+)Gf ) (k+, 0, 0) ^^^^I'J?) , (144) 

and there is no singularity associated with the factor D-^['k.'^)~^ , thanks 
to the support on scale N of the propagator g^'^{'k'^). The terms with two 
external lines can be produced only if e = +1 and can be treated in a similar 
way; they have the form 

C,.5c.(k)Jk,.y'dk+x(k+-k)Gi^)(k+) • 



D_^(k+-k) Z^_,(k+-k) 



(145) 



where G^^^(k+) is a smooth function of order in A. However, the first term 
in the braces is equal to 0, since we keep k fixed and far from the cutoffs, 
hence C| j^{k.) — 1 = 0, and the second term can be regularized as above. 

A similar (but simpler) analysis holds for the terms contributing to 
V^^~^\ which contain a vertex of type or r_ and are of order Xi/±. 
Now, the only thing to analyze carefully is the possible singularities associ- 
ated with the factors x(p) ^iid pD-^{p)~^ . However, since in these terms 
the field V'k-pu; contracted, |p| > 7'^~^/2; hence the regularization pro- 
cedure can not produce bad dimensional bounds. 

We will define z^^i and Aj^^_^, so that (recall that .^at-i = Z^) 

^[v^-^^ + vg-^^K^f'^'^-^i) = -a;^L,%^^'^'^-^^(^['^'^-^i, J) - 



N 



"''^^c.(k)?.(k)Jk,. , (146) 
where we used the definition 



[h,N-l] 



J)= J -^^^•^k,c.5u;(k)V'k2,u;V'k+ki-k2,-u;V'ki,-c.- (147) 



Let us consider now the terms contributing to , that is those where 

^t-p w contracted. Such terms can be analyzed exactly as in §4.3 of 

[BM4]; it turns out that 

c[v^^^-'^+v^^-'W'^^^~'y) = -.+,^_iz^_2r_,(^^^-ii, J) - 

-i._,^_iZjv-2r,(V[^'^-^U) , (148) 
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i^±,N-i being exactly the same constants appearing in (129). 

The integration over subsequent scales is performed in a similar way; as 
described in more details in §4.4 of [BM4], it turns out that, if j > /ik, the 
local part of the terms linear in J has the form (coinciding with eq. (131) 
of [BM4] for = 1 and a; = £ = -1): 

/:v(^-)(V'[^'^i) = ZMTl'\i;^^'^\j) - j.+,,z,_ir_,(V'['''^'i, J) - 

-._,,Z,_iT,((^['^'^l, J) - ^^'^'^■^(^['^-^•l, J) - 

iV-l 7 

- E ~4'^^^t'^^DU^)U^)JKo. ■ (149) 
i=j ^ 

If j < h^, CW^ has the same structure, but there is indeed no term with 
two external legs, since V'if^^^ = 0; for a similar reason the term with four 
external legs is different from only if 3'y^~'^ > However, the constants 
\f and zf^ are defined for any j > h and their value is independent of k. 
Note also that, as in the expansion of a normal Schwinger function, we do 
not localize the terms with four external legs, containing both a J vertex 
and a ip vertex. 

It follows that we can write G^'^ (k) as a sum of trees with two special 
endpoints, similar to those described in detail in §4.5 of [BM4]; they differ 
from those present in the expansion of the function G'^^'^(\i.), sec §2.5, since 
one of the special endpoints corresponds to one of the addenda in (149), to 
be called of type T, r+, T_, X^^\ z^^\ By construction the constants 
coincide with those introduced in §3.1, hence they verify (134). Moreover, it 
was shown in §4.6) of [BM4], by a fixed point argument, that, if is small 
enough, it is possible to choose a+^h,N = ciX + 0{\^) and a-^h,N = cs + 0{X) 
so that there exist two positive constant, C and ■!?, independent of h and N, 
such that, if ^ + 1 < j < AT - 1, 

\zr a,,h,N - f ^1 < CA.T-''^^-^) , |A. a,,H,N - < CX,^-^^''-'^ . 

(150) 

Then we can write 

G',:!^'\\.f^Ul^'\\.) + 4;^''^(k) + Aj%'^'\\.) + A^;^^\\.) , (151) 

where A^'^^''^, Ap^f^''^, A^p^'^ and A^'^'^ contain respectively one endpoint 
of type A(^), z^^\ T±, T. 

In order to bound A^'^^'^, we repeat the analysis in §4.8 in [BM4]. It 
follows that it is bounded by an expression similar to the r.h.s. of (106), 
with the following differences. Given a tree r contributing to A^'^'^, the 
dimensional bound differs from that of a tree contributing to G^'^''*(k) for 
the following reasons: 
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Figure 8: : Graphical representation of the leading terms contributing to 
ciA; other four graphs contributing to ciA, as well as the graph contributing 
to C3, are vanishing in the limit of short tail (70 — ^ 1) of the cutoff function 
(see definition (9)). The two graphs giving the 0-th order expansion in A of 
'^hN cancell each other by symmetry. 

(1) there is an extra factor Zy^^jZ^^ because one external propagator is 

substituted by the free one, Z^g^{\ii) (see the definition of 

(2) since there is no external field renormalization for T^^ (which is di- 

mensionally equivalent to a term with four external fields) , there is an 
extra factor (Zjv/^jy)^, if Jt is the scale of the endpoint of type T; 

(3) if at least one of fields in T'f^) is contracted on scale /i, there is an extra 

factor Z/j/Zjv, because of the bound (119); 

(4) because of (116), either = -/V + 1 or the root of r has scale h—\. 

Hence, J^'^'^ can be bounded by an expression equal to the r.h.s. of 
(106), multiplied by a factor ZhZ^JZ]^ < ^C!X^lijT-h)+\jT-hk\]^ ^hich takes 
into account the items (l)-(3) above. This factor can be absorbed in the sum 
over the scale labels, since all vertices have an "effective" positive dimension 
(see remark before (107)). Then, by taking into account the remark in item 
(4) above, it is easy to show that 



Let us now consider A^^' ' . We still have some extra factors with 
respect to the bound (106), the same factor of item (1) above and a factor 
{Zn I Zj^ ) , due to the partial field renormalization of T± ; the product of these 
factors can be treated as before. We do not have anymore a condition like 
item (4) above, but we have to take into account that the running constant 
associated with the special vertex of type T± satisfies the bound (134). It 
follows that 




(152) 



(k)| < C 



7 



(JV-/ik)/4 



(153) 



■7 
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Let us now consider Ap^^'^ and let us suppose that |k| = 7'^'', so that 

(see (60) and (64)) #(k) = [Z)^(k)Zfe^_i]-i, if j = /ik, while g!j\k) = 0, 
if j 7^ /ik- This condition, which greatly simplifies the following discussion, 
is not really restrictive. In fact, since the external momentum k is fixed in 
this discussion, one could modify the definition (24) of the cutoff functions 
fj{p), by substituting it with fjip/po), Po being a fixed positive number 
< 7, to be chosen so that Po"'^|k| = 7'^'*, for some integer h\f_. Since our 
bounds would be clearly uniform in this new parameter and the removed 
cutoffs limit is independent of 7 (see §2.5), this procedure can not produce 
any trouble. 

By using (149), we can write 



4;ir'^k) = ^^;5^''^(k) - 



iV-l 



(154) 



where A^'^'^''^ contains the contributions to Ap^'^ coming from trees with 
at least one A endpoint. Since Zj^i = Zj{l + Zj) and Zat-i = Zj^, 

N-l 



hence we can write 

N-l~{e)r, N-l 

The first term in the r.h.s. of (156) can be written as 



iV-l ~{e) y N-l y , y s 

E ^ = E ^ - -^«e,.,iv) 1^ + a,,H,N - 1) . (156) 



Af-l y N-l y hk-l y 

i=hk j=h j=h 

''^-pe,h,N + Rl'''\^), (157) 

where Ps,h,N is independent of k and satisfies, by (150), the bound 

\Pe,h,N\ < C\X\ E r^'^-'^'^l'^^''-^^ < C\X\ , (158) 

j=h 

implying that there exists the limit = \im^h^]\f^oo Pe,h,N- By an explicit 
computation one can show that = C2A + O(A^) and p_ = C4 + 0(A), with 
C2 and C4 strictly positive constants. On the contrary, i?^'^''^(k) is vanishing 
for —h, N — ^ 00; in fact 

\R',''''\k)\ < C\X\ X; 7-('^-'^^^)(^-^) < C|A|7-(''/')^^-'''') . (159) 

j=h 
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UJ / V UJ UJ f \_ 
-*"\>^\X\J> • ■*X/\/\i> 



Figure 9: : The first two graphs are the graphical representation of C2A; the 
last is the graph for C4. 



By collecting all terms we get 



(160) 



with 



We now consider ^i'^-^.'* together to A-^''^'^. We proceed as in [BM3], 
formulas (161)-(165); to summarize, given a tree r G '?A,n) n > 1, we can 
associate to it a tree r' G ^,n+i, substituting the endpoint v*, on scale j*, 
of type A with an endpoint of type A, and linking the endpoint v* to an 
endpoint of type z. If we define 



then it is easy to check that 



N 



Gr''^(k)=^^^)(k)+ y: A,-<?/(k), 



(161) 



e,uj 



(k) 



N-1 



- E A5t)<?'(k) , 



N- 



Zn •« 



1 / v^W-l 7 



Using (155) and the definitions of Pe,h,N and i?^' ' (k), we get: 



2,N,ht 



Sj5^k) . (162) 



u},J 



Zhv- 



+A,-.- 



(163) 



By the usual arguments, one can see that |B^'^^;'*(k)| < C7-'*k^-^i(^-'?b*-/ik|). 
hence, by summing the two equations in (162), we get: 



(k)+A^;i'-''^(k) = (a,,,,^+p,,,,^) [Gi'-'''(k) -?i'^'')(k)J+i2,^'^^''^(k) , 

(164) 



43 



where 

N 



(165) 



is bounded by C\\\-i-^'^Z^^-i-^^/'^^^^'^^\ 



Finally, the summation of all terms in the r.h.s. of (151) gives 
Gi:^'\\^) = -a,,h,N^-^ + {ae,h,N + Pe,h,N)Gl;''''^{k) + i2^'^''^(k) , (166) 



with 

'hi. 

This ends the proof of Theorem 3. 



Rt''''\k)\ < C|A|^— U-Wm^-h) + ^-W2){N-hi.)\ . (167) 
Zh- ^ ' 



4.2 Proof of Corollary 1 

If we insert the identity (166) in the r.h.s. of (31) and we take the limit 
h — > — oo, we get 

Gl\k)BM = ^-b^J (02X^(P)^5^^ + Hn,M , (168) 
where Xn{p) is the function appearing in (30), Bn = {^—)^Nj2e ^e,Nae,N)[^^ 
and H]\f^i_j(k) is a function satisfying the bound 

\Hn,M\ < C|A|Z-S-W2)(^-'^0 . (169) 

On the other hand, by (108), there is a function /(A), independent of k, 
such that 

(k) = ;^Fiv(k) , F^(k)=/(A) + 0(7-^|k|)^ (170) 
hence, we can rewrite (168) as 

|kr^F^,(k) = |^+6jv / 7^Xiv(p+k)|pr— (k) 

Zjv J [2TTy L'_a,(p + k)i)^(p) 

(171) 

and, subtracting the equation with k = 0, we obtain 

ikr.F„(k) = i,;, / J^m^FMp) - 

J (27r)^L>^(p) L^-a;(k + p) D_^{p) 

+Hn;U^) - Hn,UO) . (172) 



+ 
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The integral can be written as the sum of two terms 

dp Z7 r ^- /, , ^ ^-(k) 



(27r)2 |p|2 -v-^-- -^L>_,(k + p) 
- / (2^)2 '^|J ^iv(p)[Xiv(k + p) -xiv(p)] , (173) 

and the second addend is vanishing in the N ^ oo hmit, as it can be written 
as 

l''""! (^^i^iv(p)[xo(7-^k + p) -xo(p)] (174) 

and xo(7~^k + p) — Xo(p) is 0(7~'^|k|) and with compact support. On 
the other hand, by (170), the integral we obtain, if we substitute Fi\f(p) 
with /(A), is vanishing as A'' ^ oo. Hence, in the limit N ^ oo we get the 
identity: 



f dp IpI'^- D-M dp /•2^ d{} 

J (27r)2 |p|2 D_^(k + p) ~ 27r Jo P^-"^^ Jo 



oo 



27r |k| + pe' 



id 



(175) 
that is 

6oO r dp [^^ 1 _ 6oO dp _ boo ^^^g^ 



27r 7o P^'"^' Jo 27r 1 + pe*'^ 27r 7o P^''^" 27rr?^ ' 
which proves (36). 

4.3 Proof of Theorem 5 

The Beta function equations for the running coupling or renormalization 
constants are 

^j-l = +/?i(Aj,...,AAr) , 



l + 4^)(A,-,..,Ajv), 
l + 4^)(A,-,...,A,v), (177) 



with Pz , Pz2 , Pfi' independent from p and, if a^, a^, are suitable pos- 
itive constants, 

/3j>)(A„..A,) = a^AAfc + 0(A,'), 

4^)(A„..,A,) = a,A2 + 0(A4), (178) 

/3(J^)(A„..,A,) = az,\] + 0{Xj}. (179) 
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Moreover, these functions do not depend directly of Z^v, but only depend 
on the ratios Zj-i/Zj, j < N; hence the value of Xj is a function of Ajv = A 
and the number of RG steps needed to reach scale j starting from scale N. 
It follows that, if we call Xj, j < 0, the constants we get for N = 0, then, for 
any N > and j < TV, Xj = Aj_jv. The problem with N = was studied 
in detail in [BM4], where it has been proved (see Theorem 2 of that paper) 
that there exist constants ci, ei (independent of N, h), such that, if |A| < ei, 
then \Xj\ < ci£i for any j. The proof of this statement is based on the 
analogue of SDe equation (31) for the four point function; if the momenta 
are calculated at the infrared cut-off scale 7-^ , a relation is obtained between 
Xj and A implying that A j = A + O(A^). This properties implies, see (3.48) 
of [BM3], that 

\Pi{Xj,...,Xj)\<C\Xj\'j-(''-^y' (180) 

Prom (177) and (193) one gets immediately, see §4.10 of [BMl], the bound 
(70) with A_oo(A) = A+0(A2) together with | \og^{Zj_i/Zj)-ri^\ < CX'^j'^^' 
\log^{lij-i/lij)-'n^\ < C|A|7-(^-^)/'^; finally by the WTi (26) with momenta 

(2) 

calculated at the infrared cut-ofF scale 7-^ one gets, see [BM2], |Zj ^ /Zj — 1| < 
C|A|. 

5 Lattice Wilson fermions 

5.1 Integration of the doubled fermions 

In order to prove Theorem 4, wc have to compare the Schwinger functions 
of the continuum model with ultraviolet cutoff scale N with those of the 
lattice model (37) with a = 71/(47-'^"'"^). In this model the momentum k 
belongs to the two-dimensional torus T>a of size 27r/a and we shall denote 
by |k — k'l the corresponding distance. 
To begin with, we define / (k) so that 

C^\k) + /(k) = l, (181) 

where C^^(k) = J2jL-oo fji^)^ with fj{k) as in (10); since C^^(k) = for 
|k| > 7^+-^ = 7r/(4a), the support of the function /(k) is given by the set 
{k : |k — ir/a] < 37r/4a}. Therefore, it is possible to decompose the prop- 
agator raj,ij'(k), defined in (38), as the sum of rjy^\lL) = Cj^^(k)fa;,a;'(k) 

and r'^J^^\^) = /(k)r\<j,a;'(k). With this decomposition we associate the 
following decomposition of the measure (37) 

PzAd^) = Pz.(d^(^^))Pz„(#^^+')) • (182) 

Note that the second integration has a "very massive" propagator; in fact, 
since the function /(k) is a Gevrais function of class 2, with a compact 
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support of size a ^, and [1 — cos(A;oa) + 1 — cos(fca)]/a > Ca ^ = C^^ on 
its support, it is easy to show that 

kia''^(x)l<C7^e-v9^. (183) 

The integration of W(<^, J) is performed in a way very similar to the one 
presented in §2, except for the first step, made with Zj^+i = Za, Xn+i = Aa, 
z/jv+i = t'a, MAf+i(k) = /tia(k). We define ah locahzation operators as in §2, 
except Ci, which is defined as 

^im,^A^) = -A 2^ + (184) 

T: /II olll T OlLL T- 

??,?? =±1 ^ 

in order to take into account the lattice structure of the space coordinates; 
hence the localization procedure is essentially unchanged. However, the pres- 
ence in the interaction of the term proportional to i^at+i has the effect (see 
below) that in the effective potential a new type of vertex will appear (which 
we shall call u vertex); this new vertex changes the symmetry properties of 

the functions W^^^i, so that, in particular, 7'ol^2''2 7^ 0- 

' ' ' — "(7) 
To be more precise, we note that ^ is given by the sum of graphs 

with 

1. either an even number of i' vertices, an even number of non diagonal 

propagators and an odd number of diagonal propagators; 

2. or an odd number of vertices, an odd number of non diagonal propa- 

gators and an odd number of diagonal propagators. 

Moreover W2^^^_^^ is given by the sum of graphs with 

3. either an even number of v vertices, an odd number of non diagonal 

propagators and an even number of diagonal propagators; 

4. or an odd number of v vertices, an even number of non diagonal propa- 

gators and an even number of diagonal propagators. 

As the diagonal propagators are odd in the exchange k — >^ — k while the 

— (i) ' — (i) 
non diagonal ones are even, we get LqVqW^I^ ^ = ^o'PiW2^^ = and 

^I'PoW^i,-^ = 0. Then 

This implies that we can write 

jCV^j) {i/jif^'j] ) = ZjF^^'^^ + {sj + -f^nj)FV''^^ + IjF^'^^ , (186) 

where = CoVoW^^l^_^, while Sj = CoViW^ll_^, as in (50)-(51). 
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The renormalization of the free measure is done exactly as in §2, see 
(60), that is wc do not put the term proportional to nj in the free measure, 
but we define a new running coupling constant = nj{Zj /Zj_i). It follows 
that the rescaled potential v(^)['tl;l^'^]) differs from that of (67) because its 
local part contains the term j^VjF^^'-'K 

For j < N, the renormalized measure takes the form: 

Z^^^l, -~'fA , (187) 
Hj{k) e+(k) 

with /ij(k) = /ij(k) + [Z7v/.Z'j(k)][l — cos{koa) + 1 — cos(fea)]/a, fijik.) being 
a function equal to jj. for j = N, which satisfies the same recursion relation 
as /ij(k) in (60). 

It is convenient to split the propagator (187) as 

ri^l y) = £1' (X, y) + g^i? (x, y) (188) 

where 5^^/ is obtained from by substituting /ij(k) with /ij(k) (hence 
it has the same form as the propagator of (43)). We shall prove below that 
the flow of the running couplings and the free measure can be controlled as 
in §2, if the value of i^a is suitable chosen. This implies that there is h*, 
satisfying a bound like (73), such that, as far as h > h*, |/ij(k)| < 7^, so 
that 

l45'^(x,y)l < C7-(^-^')7^e-^V^^ra . (189) 
The flow equation for Xj can be written, for j < N + 1, as 

A,-_i = A, + P{{Xn, A,-) + r{{Xa, Xn, A,-) (190) 

+ ^k^lti^o., t'a, Aat, l^N, -, Xj, Vj) , (191) 

where the functions in the r.h.s. can be represented as sums over trees 
similar to those of (69); in particular, we have included the sum over all 
trees with at least one z^-endpoint in the last term in the r.h.s. of (191) and 
we have split the sum of all trees with no z^-endpoints as + rj^, where 

contains the trees with propagator 5^^, (the decomposition (188) is used), 

while all other terms are included in rj^. The fact that the contribution of 
a single tree satisfles a bound similar to that of (77), with > for any v, 
easily implies that, if < C\Xa\ for any j, 

|;9f I < CA,-7-(*=-^)/4 , \r{\ < CX]^-^''-^^^ . (192) 

Note also that (193) still holds, as the only difference comes from the fact 
that in the continuum model the delta function of conservation of momenta is 



^'^'^ ' e+(k)e_(k)-MKk) V 
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,o<^A;o,0) while in the lattice model is L? J2n,m£Z^ Sk,2TTn/a^ko,2TTrn/a- How- 
ever, the difference between the two delta functions has no effect on the local 
part CV^ , because of the compact support of ip-'^ and only slightly affects 
the non local terms. To see that, let us consider a particular tree r and a 
vertex v E t oi scale hy with 2n external fields of space momenta kj; the 
conservation of momentum implies that J2i ^i^i — with m an arbitrary 

integer. On the other hand, kj is of order 7^" for any i, hence m can be 
different from only if n is of order . Since the number of endpoints 

following a vertex with 2n external fields is greater or equal to n — 1 and 
there is a small factor (of order \j) associated with each endpoint, we get an 
improvement, in the bound of the terms with \m\ > 0, with respect to the 
others, of a factor exp(— C7^~'*''). Hence, by using the remark preceding 
(192), it is easy to show that the difference between the two beta functions 
is of order ^^-^^-^^Z^. 

Lemma 1 For any given \n+i small enough, it is always possible to fix 
vn+i so that, for any j < N + 1, 

Wj\ < C|A,|7-^^-^'^/' , |A,- - A,| < CXl . (193) 

Proof. We consider the Banach space of sequences u = {i^j}j<N+i 
such that 

\\u\\^= sup 7(^-^)/>,| <e|Aa| , (194) 

j<JV+l 

with to be fixed later. From (191), (192) and (193) it follows, see §4 of 
[BMl] or Appendix 5 of [GiM] for details, that there exists eq such that, if 
both |Aa| and ^|Aa| are smaller than eo; then, for any u, u' G M^, 

\>^j{K)-Xa\<C\l , \XjiE)-\ji!y)\<C\\a\\\K-iy\k. (195) 

We want to show that it is possible to choose un+i so that u G M^. Note 
that u verifies by construction the equation 

Vj-i = JUj + Pi^\\a, fa; Aat, Un] (196) 

and that, if u £ -M.^, liuij^-^i'j = 0; by some simple algebra, this implies 
that 

Hence, we look for a fixed point of the operator T : M.^ — > M.^ defined as 

T(zd)/= - E 7'-^-'/3^'^ (Aa, va. Aiv(id), VN, .., A, (i.), . (198) 
k<j 
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Note that 

Pi^\\a, ua, Aat, = Pi'^'\XN, A,) + 

+ Yl i^fc/3P^(Aa, T^a, AiV, VN, , (199) 

k>j 

where ^^'^^ is a sum over trees with no endpoints of type v and no endpoints 
of scale A'" + 1. By using the decomposition (188), the parity properties of 
5^1^, (x,y) and the remark preceding (192), we get the bounds 

\0i'''^\<C\Xah-^''-^^^' , |^P)|<C|AJ7-^'-^'^/', (200) 
which imphes that 

mKhl < E C|A„|7-(^-'^7-(^-')/' < co|A„|7-(^-^'^/' • (201) 
k<j 

Hence the operator T : — leaves invariant, if ^ > cq and 
Aa is sufEciently small, and it is also a contraction since \T{i/)j — T(z^')j| < 
C|Aa|||i^ — i^'ll^. It follows that there is a unique fixed point in M^, satisfying 
the flow equation (196) .■ 

An important consequence of the bound (193) is that, if we construct 

as in §2 the Schwinger functions, by imposing the normalization conditions 
(71), we get, as ^ oo, exactly the same expansion in terms of trees, 
containing only A endpoints with a fixed coupling constant A_oo(Aa) = 
limj^_ooAj; in fact, the trees containing at least one v vertex vanish in 
this limit. 

By a fixed point argument, one can show that we can fix Aa so that 
A_oo(Aa) has the same value as A_oo(A) in the continuum model; this remark 
completes the proof of Theorem 4. 



A Osterwalder-Schrader axioms 

Osterwalder-Schrader axioms were partially stated in [OSl] and completed 
in [0S2] by the "linear growth property". We show here that they are 
satisfied by the Schwinger functions of our model. 



A.l Linear growth condition and Clustering 



In order to verify the linear growth property, see the bound (4.1) of [0S2], 
for s = 3, let us consider the space 5o(M^'^) of the test functions such that, 
for any m G N, 



def 
m= sup 



(l + |x 



2\m/2f T-ja 



(^-/)(x] 



< OO 



(202) 
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and which vanish, together with all their partial derivatives, if at least two 
among the points in the set x = {xi, . . . , x^} are coinciding. By (99) 

I (5.,^, /) I < c^kir^^ g /^"^ ■ ■ ■ |x.-x^ff+.)/^-^^ ■ 

On the other hand, by (202), |/(x)| < ||/||4fe+i(l + \x\'^''+^)-^ and, for any 
^ 7^ j, |/(x)| < 2'=[(2fe)!]->i -x,-|2^||/||2fc; hence, since ||/||2fe < ||/||4A:+i, 



|/(x)| < ||/||4fc+iV(l + |x|^^+i)-V2'=[(2A;)!]-i|x, - x,f ^ . (204) 
It follows that 

\{Sk,^J)\ <C\k\f+^^f\Uk+l. (205) 

In order to prove the "cluster property", fixed any integer p G [l,k — 1], 
y G and / G 5o(M^'^), we first prove that (S'fc /p.y) goes to as |y| 

if /p,y(2£) = /(xi, . . .Xp,Xp+i - y, ...,Xfc - y). Let us consider the 
characteristic functions Xy(x) and Xy(x) of the set 

M =^ (x G R^'' : max |x,| < |y|/4 , max |xj - y| < |y|/4| (206) 

and of its complementary, respectively. Since > |y|/2 in M, by using (99) 
and (204), we see that \{Sk,^, U,yXy)\ < [1 + {\i\/2fT'CHkl?^^m\Uk+i, 
so that {Sk^^, fp,yXy) is uniformly bounded and vanishes as |y| — oo. On the 



other hand, by (204), {{8^,^, fp,yx'y)\ < C*^(A;!)2+2^||/||4ik+i / dx^(l + |xr+i)-ix()(x), 
so that even (S^^ui, /p.yXy) is uniformly bounded and vanishes in the limit 
|y| oo, as weU as (Sfc,^, /p,y). 

The cluster property EO, defined in §3 of [OSl], now simply follows, by 
decomposing the connected Schwinger functions as finite linear combinations 
of the truncated Schwinger functions, . 



A. 2 Symmetry, Euclidean invariance and Reflection positiv- 
ity 

From the explicit definition of the generating functional, (13), two proper- 
ties immediately follow. First, since the fields anticommute, the Schwinger 
functions are antisymmetric in the exchange of their arguments. Moreover, 
the generating functional (13) is invariant under the Lorentz transformation 
of the fields by construction. 

Finally the "reflection positivity" E2, defined in §6 of [OSl], is verified in 
the lattice regularization (40), as proved in [OSe], hence it holds even in the 
removed cutoffs limit of the regularized model (13), which we have shown 
to be equivalent to the a = limit of the lattice model, see Theorem 1.4. 
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B Lowest order computation of V- and 



B.l Lowest order computation of i/_ 

Calling gw,wik)'^—gLoiy) and no(t)'=^l — Xot^)) the lowest order contibution 
to the v-^Ni appearing in (113), is obtained, from (125) and (126), by taking 
the p — >^ limit of the following expression (see the first graph in Fig. 4), 
whose value is independent of the infrared cutoff for any fixed p and |^| 
large enough: 

I dk C,,^;^(k k - P) _ 

J (27r)2 D_M 

DM f dk no(7-^|k-p|)xo(7-^|k|) 
D.MJ (2vr)2 i?^(k-p)i^^(k) 
f dk Xo(7-^|k|)-Xo(7-^|k-p|) 
(27r)2 DUl^-p)D.M ^ ^ 

where we have used (111) and rearranged the terms. In the limit |p| — > 0, 
the first contribution in the r.h.s. of (207) vanishes by the symmetry (jojik) = 
—i(jjgui{k*), k* = {—ko,k). As regards the second term, if we write the first 
order Taylor expansion in p of the numerator as a linear combination of 
£)_(^(p) and £)^,(p), the term proportional to D^{p) also vanishes, again for 
the symmetry k — k* , so that 

X f dk Xn(|k|) >^ f°° , / / ^ A 

B.2 Lowest order computation of 

If we define 

(7-^k) = 1^ ?i^^)(kO#^)(k' + k) , (209) 

then the lowest order contribution to the anomaly coefficient v+^n, appearing 
in (113), is is obtained, from (125) and (126), by taking the p ^ limit and, 
after that, the /i — > — oo limit of the following expression (see the second 
graph in Fig. 4): 



(27r)2 DM 
_ ,2 / dk no(7-^|k-p|)xo(7-^|k|) ^ _ 
J (2vr)2 DUk-p)DUk) '-^y^ 

y2 f dk Xo(7-^|k|)-Xo(7-^|k-p|) / ;v,\ ....^ 
-'J (2^^ Djk-pjDjpj ^--l^ ^'''^ 
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In the limit |p| — and h — ^ — oo, we get 

-«o(|k|)xo(|k|) x'o(|k| 



_.2 f dk 



2|k|3 



I_U^)DlM , (211) 



where wc arc using the symbol /-^^(k) to denote even its h = — oo limit, 
which is finite. Note that the term in square brackets is nonnegative; more- 
over, it is different from only for 1 < |k| < 70 (defined in (9)). We now fix 
(J = + for definiteness (the result is a;-independent) ; then if iko + k = ye^^ 
and ik'Q + k' = xe^"^ we get: 

so that 

i?2(k)/_(k) = / ^xo(x) ''f%^''^f {x cos 2^ + y cos ^) . (213) 
J l^-^TTJ \XG -r y\ 

The integral (211) is easily shown to be strictly negative in the limit 70 — 1; 
hence by continuity in 70, 1^+ < for 70 — 1 small enough. Indeed in the 
limit 7o ^ 1 (211) becomes 



(27r) 



/ dx f ^? % ^9 (.X cos 2^ + cos ^) ; (214) 
Jo Jo \xe + IM 



on the other hand, since \xe~^^ + 1| < 1, cosi? < if x > and xcos2i? + 
COS!? = cost9(1 + XC0S1?) — .Tsin^i? < if < x < 1; it follows that the 
integrand of (214) is < for x 7^ 0, 1. 

A numerical calculation also shows that 1 1 is not constant as a function 
of 7o, but is a strictly decreasing function near 70 = 1. 
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